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The “gauge technique” for solving field theories introduced in an earlier paper is applied to scalar and
vector electrodynamics. It is shown that for scalar electrodynamics there is no A¢*2¢? infinity in the theory,
while with conventional subtractions vector electrodynamics is completely finite. The essential ideas of the
guage technique are explained in Part II, Sec. 1 of the paper, and a preliminary set of rules for finite
computation in vector electrodynamicsis set out in Part IIT, Sec. 2.

INTRODUCTION

HE phenomenal success of renormalized perturba-
tion theory for electron-photon interactions has
on balance probably been a disaster for the development
of quantum field theory as such. The disaster lay in the
somewhat fortuitous circumstance that the magnitudes
which the theory was powerless to compute happened
to be “unobservable” quantities like self-mass and self-
charge. Even when for renormalized meson interactions
it became apparent that such magnitudes included
measurable quantities like the #t—#? (self-) mass
differences, theoretical interest unfortunately did not
shift back to the central problem of trying to discover if
there might exist nonperturbative solutions of field-
theory integral equations for which all measurable
S-matrix elements can be computed in finite terms.
Physically, of course, the most attractive possibility
would be if at least for some theories—and this may
_include those that are currently considered nonre-
normalizable—finite solutions did exist but only for
special values! of the constants of field theory. In an
earlier paper? it was suggested that this last possibility
might be the one realized for electrodynamics of spin-one
charged mesons. The suggestion was based on the use
of a new (nonperturbative) approximation procedure
which made consistent use of Ward’s identity. One
purpose of the present paper is to exploit this approxi-
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1In this context the following remarks of A. Einstein [Phys.
Rev. 89, 329 (1953)] are possibly relevant: “If there exist ele-
mentary solutions of the equations which depend upon a con-
tinuous parameter, then the field equations must prevent the
coexistence within one system of such elementary solutions per-
taining to arbitrary values of their parameters « - - . If a theory
does not possess these features then the theory is inadmissible.”
Weareindebted to Dr. J. Bronowski for pointing out this reference.

2 A, Salam, Phys. Rev. 130, 1287 (1963). This paper will be
referred to as I.

mation technique not only for the electrodynamics of
spin-one, but also of spin-zero mesons. Even though in
the latter case one is dealing with a theory with only a
few infinities, it is instructive to see how at least some
of these disappear at the crudest attempt to improve the
conventional perturbation approximation. For the spin-
one case, this technique makes the theory finite, though
the conjecture about the constants of the theory is not
realized in the strong form it was stated in in Ref. 2.

The paper is divided into four parts: Part I gives the
main theoretical ideas and the general approximational
scheme; Part II sets out the equations for the general-
two- and three-particle Green’s functions, in the two
particle unitarity approximation, in scalar and vector-
electrodynamics; in Part I1I these equations are solved
consistently with the requirements of analyticity and
unitarity of the theory; and in Part IV we use these
solutions to state rules for computations of general
S-matrix elements. These rules take the place of the
Feynman rules and even in the preliminary version of
this paper provide finite integrals (including those for
some of the renormalization constants).

The paper unfortunately is long. The impatient reader
may perhaps find it easier to go straight on to Part 1T
Sec. 1 which briefly sets out the main ideas of the calcu-
lational technique before returning to Part 1.

Part I

This part is an amplification of the ideas of paper 1.
In Sec. 1A we derive a boundary condition for the high-
energy behavior of (a product of) the basic two- and
three-particle Green’s functions. If this boundary con-
dition is satisfied, integrals involved in all other Green's
Sfunctions would exhibit an approximational stability for
high energy behavior and will be essentially finite, In
Sec. 1B we turn to the basic Green’s function and show
that for gauge theories an approximation technique
exists which makes the vertex-function equation essen-
tially redundant, so that the general boundary condition
is equivalent in such theories to a high-energy limitation
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on the behavior of just the two-particle propagators.
This allows us finally in Sec. 1C to connect the finiteness
(of all integrals) in a gauge theory with the information
on high-energy behavior contained in the well-known
spectral representation of the propagator.

1. THE INTEGRAL EQUATIONS OF FIELD THEORY

A field theory is defined by a set of integral relations
among its Green’s functions. As a rule all such relations
involve an infinite number of terms; thus, of their nature
the integral equations need some type of approximation
procedure for their solution. Depending on the approxi-
mation procedure to be followed, one can write down a
wide variety of equivalent sets for one and the same
theory. One such set is due to Dyson® and Schwinger?;
another is the unitarity set defined in Sec. 1C; still
another set is due to Symanzik.?

A. Dyson-Schwinger Set; (the fundamental criterion for
the stability of an approximation scheme and high-
energy boundary conditions on T, D, and .S)

For a typical 3-field (e.g., electron-photon) interaction
the well-known Dyson equations are

S~1=Zzso_l+2162/PSPoD (Il)
Di=Z,D i Ze? / TSTeS (1.2)
[=ZTote / [STSTDet- - - (L3)
M=M[T,D,S]. (1.4)

S and D are the (renormalized) electron and photon
Green’s functions; I' is the (renormalized) vertex func-
tion and e is the physical charge.® The three functions
I', D, and S we shall refer to as the basic Green’s func-
tions. M represents any other Green’s function; the

3 F. J. Dyson, Phys. Rev. 75, 1736 (1949).

4The Schwinger formulation of Green’s function theor .
Schwinger, Proc. Natl. Acad. Sci. (U.S.) 37, 452 (1951)7 is
parallel to the Dyson (Ref. 3) formulation above; it however
offers some advantages for gauge theories (see Part III, Sec. 3).

5 K. Symanzik, J. Math. Phys. 1, 249 (1960) ; an extensive study
of this set has recently been completed by J. G. Taylor, Nuovo
Cimento (to be published).

6 The constants Zi, Z;, Z3 occur in the Lagrangian and are
themselves defined as boundary values of S, D, and T. For elec-
trodynamics Sol=+-p—my, Dy l=p2—ud. Toy=v and m® and
ue? (which always appear multiplied by Z; and Z;, respectively)
are the unrenormalized mass constants. Graphically, the Dyson-
Schwinger set corresponds to the drawing of Dyson’s irreducible
diagrams for any Green’s function and then making vertex and
self-energy corrections to these. For all 3-field interactions the
structure of the Egs. (1.1)-(I.4) is the same, the distinctive dif-
ferences of one Lagrangian from another appear only in the speci-
fication of the inhomogeneous terms .Sy, Do, and T'y. Also if 4-field
interactions occur in the Lagrangian, this only increases the num-
ber of what we have called the basic Green’s functions.
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important remark of the Dyson formalism is that all
M’s are functionals of the three basic Green’s functions
I, S,and D.7

The Feynman solution of field theory is recovered as
a power series iteration of (I.1)-(I1.3), the iteration
starting with

S7l=y-p—m, Dl=p*—p? and Z,=Zy=Z;=1.

This assumption of course immediately precludes the
possibility that the Z’s might be zero. {It is worth re-
marking that these zeroth approximations (e.g.,
S~ 1=+ p—m) do not coincide with the inhomogeneous
terms of the corresponding integral equations [e.g.,
Za(y- p—ma) ]}

In the sequel, we wish to set up a different approxi-
mation procedure for solving a field theory. Basically,
the idea is to find nonperturbative solutions of the
basic set (I.1)—(1.3) and then to substitute for D, S,
and I'in (T.4). To estimate the high-energy behavior of
the integrals involved in M, one knows from Dyson-
Schwinger formalism that M=% M where M
has the following structure:

M™M= f(SI‘Dl/Q)NS——EdZD——E»,M

X (d4) (—Ee—Ep) /2411 | (]5)

Here E, and E, are the number of external photon and
electron lines and NV is the number of irreducible vertices.
Now it is clear from (I.5) that the high-energy behavior
of the integrand (and therefore of the integral as a
function of external momenta) is independent of the
order of iteration® NV if and only if?

STD2=0(1/k?) (1.6)

for large k. Equation (1.6) is the fundamental crilerion
for the stability of any approximation procedure for
computing M which bases itself on the Dyson formalism.
It serves as the boundary condition to be satisfied by
the (product of the) three basic Green’s functions.
This stability criterion is satisfied by the basic Green’s
functions in all “renormalizable” theories. A straight-

7 The lack of symmetry between T and 'y in Egs. (I.1) and (1.2)
has always been an embarrassment (the wellknown problem of
“b divergences”). One recent suggestion to deal with this problem
is due to Symanzik (Ref. 5). Other alternatives are due to A.
Salam [Phys. Rev. 82, 217 (1951)7] and J. C. Ward [Phys. Rev.
84, 897 (1951)7. All these proposed solutions convert the single
term on the right-hand side of (I.1) or (I.2) into a series in ¢? and
show that the integral behaves effectively like ,/S'TSTD. To see
this at its simplest, eliminate ZiI'y in (I.1) and (I.2), by using
(1.3), ie., set ZiTo=—e? f'T'STSTDH----. The treatment of this
problem in the text (see the unitarity set Sec. 1C automatically
restores the “a’” and “b” vertex symmetry).

8 If this is the case the only integrals of type M ™ which may
still be nonfinite and divergent belong to the class satisfying
[2—s5/2]E.+ E, <4 where s is given by S¢=0[1/%¢]. The relation
of these infinities to the subtraction constants in renormalization
theory is well known and will be discussed as the occasion arises.

? More precisely, it is stated by the stability criterion that
SputB(PITursrvr (2,7, ) S, M2 () Dpa¥/?(#) should decrease as fast or
faster than 1/(length)? along any direction in the (p,p’) plane.
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forward iteration of (I.1)-(I.3) shows that S=S§,
=0(1/k), D=Dy=0(1/k?), T=T=0(1) for spinor
electrodynamics and S=S,=0(1/%?), I'=T4=0(k) for
electrodynamics of spin-zero particles.!® Qur contention
in paper I was that the boundary condition (1.6) can
be satisfied by the solutions of Egs. (I.1)~(1.3) even for
some nonrenormalizable theories, provided these equa-
tions are solved nonperturbatively. The present paper
is concerned with a detailed verification of this state-
ment for electrodynamics of spin-one particles. We have
chosen electrodynamics? as the prime example because
a proper use of Ward’s identity makes the problem of
finding nonperturbative solutions much easier, and be-
cause for such theories, condition (I1.6) can be reduced
(as will be shown in Sec. 1B) to a boundary condition
on the charged particle propagator alone. Just to illus-
trate how the new technique in any case improves the
convergence properties of the integrals in field theory,
we consider also the conventionally renormalizable
theory of electrodynamics of spin-zero particles.

B. The Gauge A pproximation and o Reformulation
of the Stability Criterion

In a gauge invariant theory as a consequence of
current conservation, the vertex function I' and the
propagator S satisfy the Ward-Takahashi identity

taTa(pyp ) =S (p)—=SHp); p=p'+t. (L7)

This identity makes Eq. (I.1) of the Dyson-Schwinger
set redundant, In fact one may define S from the relation

STHP)=1aTa(£,0) | 4.p7eem- (1.8)

Also, Z1=2Z, (=Z). Conversely, of course, the identity
states that if .S is known a part of T' is determined and
isno longer arbitrary. We shall call this part T4[.S7]; thus

P=TA[S]+ T3,
where
1, L ALS =8 1—-51,

1,T.B=0. (1.9)

Now these identities do not in any way uniquely define
the split of I', but whatever the precise definition of
T4[S7], since ZS ~lis part of S [see Eq. (I.1)], ZTq,, the
inhomogeneous part of the vertex function equation
which is (usually) defined as Z(Sg~1—S¢~")(p+p")o/
(p*—p'?), must form part of T'A[ST]. Therefore, quite
generally, ZT'; can be eliminated in Eq. (I.3) in terms
of T'4 in the following manner: Write Eq. (I1.3) in the
form

To=ZT0+K[T,S]. (1.10)

0Tt is important to emphasize that the stability criterion
guarantees a uniformity of high-energy behavior in each order of
iteration, only to the extent of a power count of external momenta,
The extra powers of logarithms which arise in each order M
can lead to a different behavior for the sum of the series M
our problem in this paper is not the determination of the hlgh
energy behavior of this sum ZM @), our concern is with each term
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Define

T (1.11)

where F, is a linear functional of (S71—ZS;72) with the

property
fFa=(ST1— 2S5 1) — (S1— 2S¢
=1,K.[T,S]. (1.12)
Using (1.11),
= Tth K= Fo=ToA+ XK T,8]. (1.13)

Equation (I1.13) differs!! from Eq. (I.3) in having as its
“inhomogeneous” term I'4 in place of ZT,. Equation
(1.13) together with Eq. (1.8), viz.,

S—IZZ(')"P‘“m0>+taKa[P7'S][ yo=m (L14)

now replace Egs. (I.1) and (1.3) of the Dyson-Schwinger
set.1?

To solve (1.13) and (1.14) we use the simple iteration
scheme suggested in paper I. This scheme is based on
taking the inhomogeneous term I'4[.S] of Eq. (I.13) as
the first approximation I'® to T'. This will be called
the “gauge approximation’ in subsequent work.

The ‘“‘gauge approximation” has the merit of de-
coupling (1.13) and (1.14). Explicitly, define

[S(n)]——lzz('n)(;y.zy_m)

F1 K LT S| prm (1.15)
and!?
[0 =T A[SM T+ X K, [T ST (1.16)
where
T@=14§0)] (T.17)
and S is a solution of the equation
[SOT =20y p—m)
F 1K [TO SO yprom. (1.18)

Clearly S, I'=lim,., S™, T'", provided the sequences
S® and T'™® converge to a limit.

To see the decoupling of (1.13) and (1.14), it is suffi-
cient to remark that T4[.S7] is a functional of S alone,
so that Eq. (1.18) is an equation for just one unknown S©.
Once S©, and therefore Z and I'®), have been deter-
mined, one simply writes down I'® from (I.16). At each

To take a concrete example, for scalar electrodynamics one
may choose
(p-;-p )a

o S ST (RSP ]-Z (e +p).

Clearly X,p=gas— (p-}-p’).,tz,/(ﬁ” $'%); note £,X,p=0.
b, 2 If K, has the form /- - -ST48'- - -, the corresponding expres-
sion for tuK., would contain f*+««(§'~S)- - in the equation for
S7L In other words, in writing down the expression for £,K, in
Eq. (1.14) one makes consistent use of the Ward-Takahashi
identity,

® One may perhaps stress once again the close analogy of the
above approxlmatlon procedure to that followed by perturbation
theory. Perturbation theory starts with the first approximation
I'® =T, where T'y by definition equals T4Sy]. Since #,X6Kp=0
and 1 LALSM]=8M 8§/~ "REq, (1.16) satisfies the Ward-
Takahashi identity to each order in ¢ of the iteration.

a
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subsequent iteration stage there is again just one equa-
tion [Eq. (1.15)] to be solved for S, T'(»+) being
determined by substitutions in Eq. (I.16). This makes
the method fairly practical.¢

In terms of T'4 and the gauge approximation, we can
now restate the stability criterion. It is easy to see from
the structure of the kernel'd K in Eq. (I.13) that if
TA[ST] satisfies

STA[S1DV2=0(1/k2), (I1.19)
then

Tt = O(TALS™]). (1.20)

To see this, we remark that K, in general, has the form
[see (1.5) with E,=1, E,=2] Y, S T(STDV2)"(d*%)"/*
so that any iteration solution of (I.16) which starts with
T'=T4 and with (ST4DY2)~1/k? will always reproduce
a T satisfying T'=0(I'4).

Equation (1.20) therefore not only gives us a justifica-
tion for the iteration scheme set up in (I.16), it allows
us also to replace the stability criterion (1.6) by the
much simpler relation (I.19). Assuming for the moment
D=~ Dy=0(1/k%), (1.19) reduces still further to read

STA[S]=0(1/F). (1.21)

In this final form, the stability criterion is providing a
high-energy boundary condition for just one Green’s
function, i.e., the meson propagator .S alone. The crux
of the whole problem of solving in finite terms an entire
(gauge-invariant) field theory in our new approxima-
tion scheme is therefore reduced to the following: Is
there a choice of T4[.S] for which one single equation
S71= 7S¢ 1+, K[ 14,57 possesses a solution satisfying
(1.21)?

For gauge theories one may even anticipate the
answer. Since Ward’s identity “roughly” states that
T42S5-1/k it would seem that (1.21) is always satisfied
and electrodynamics of charged particles (of any spin
whatever) is intrinsically divergence free. The mistake
in the past has been taking as the starting approxima-
tion I'4="T, and A=A, which do not satisfy (1.21). All
we shall do in this paper is to try to choose a different
T4[S7] for which (I1.21) is automatically true.

% A still more practical iteration procedure can be set up as
follows: Define

ST Z(")So‘l—*-ta]'{a[r (”)’S(”)],
Te M) = I‘aA[:S (n)] +Xa bK b[P (n))S(n) :]!

where T® =T4[SO] SO=SO_ To start off the iteration, SO is
the solution of the equation

SO =ZOS 1, K[ TOSOT|yupr .

This iteration has the additional merit that the above equation is
the only one which needs to be solved. All higher orders are given
by substitutions in the orders below.

15 The integrals which arise when (I1.14) is iterated with I'4 as
the zeroth approximation have the general form given by (1.5)
with E,=2, E,=1, so that I =0[I'4], The situation here is similar
to the case of renormalizable theories where a straightforward
iteration of (I.1)~(1.3) shows that if S,T¢Dy!2=0[1/%%], then
STD'2 i also O[1/k*] and T is O[T ].
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The discussion above may appear highly complicated
As we shall see in Part II, Sec. 1, in practice, the pro-
cedures are rather simple. Summarizing the contents of
this section, we have used Ward’s identity to provide a
first approximation I'4[S7] to the full vertex function I'
which depends only on the meson propagator. In
specifying I'4 there is a degree of arbitrariness; we
exploit this to choose I'4[S] in such a manner that (if at
all possible) ST4[S]=0(1/k), for all directions in (p,p’)
plane where S is the solution of S~1(p)=ZS;1+1.K.
X[T4[S],S7. If such S and T4[.S] do exist, the struc-
ture of the equation for the full-vertex function T
already guarantees that for high energies the full T and
I'4 behave similarly. In this sense I'4 is a good approxi-
mation to T. The entire question of the finiteness of a
theory is thus made to depend, in this approximation
scheme, on the possibility of solving just one equation
—the equation for the two-particle Green’s function—
with the boundary condition stated above.

C. The Unitarity Set and the Equations
for S and D

The end result of the discussion above is to make the
high-energy behavior of the charged particle propagator
S—and possibly also of the photon propagator D in
case I' is chosen to be a functional of both!'® .S and D—
the pivotal questions for a discussion of the finiteness of a
theory. Now the Dyson-Schwinger equations for .S and
D even for the simplest choice of I'4, i.e.,

+7)a
=M(S—1_S/——l) s
p2_p'2

and even for the simplest approximation to the kernel
K still present a horribly nonlinear aspect (see Part ITI,
Sec. 3 where the equation for .S is written out in full).
To expect that one can solve these equations using the
mathematical theory of integral equations as well as
guarantee that at the same time one can preserve the
physical properties of the theory—Ilike unitarity and
causality—is to ask for miracles.

That these physical properties are of crucial import-
ance for a correct estimation of high-energy behavior
cannot be stressed too strongly. It is perfectly possible
to find approximate solutions to the Dyson-Schwinger
equations for .S and D which show highly convergent
behavior” but which were obtained for example by

r4 (1.22)

16 Equation (I.2) for the photon propagator can be included in
the iteration scheme thus: DM ™t=Z;M™ Dy 14 ( /T D™ S™)
with D=1im,, ,, D™. This means that I'4 should be chosen (see
Part I11, Sec. 1B) to depend explicitly not only on S, but also on D.
At each iteration stage one then solves two equations, one for .S
and one for D. In practice, using the procedure of footnote 14, it
will always suffice to solve altogether two equations and no more.

17 See for example Ning Hu, Phys. Rev. 80, 1109 (1950), where
the expression for S obtained as an approximate solution to
Dyson’s Eq. (I.1) contradicts Lehmann’s result. The only hope
of renormalizing an unrenormalizable theory (with positive
definite metric) is through an improved high-energy behavior of
I', and not S.
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sacrificing the positive definiteness which comes by
considering unitarity properly.

Now field theory has unfortunately not progressed
to the extent that one can write down for any Green’s
function a (spectral) expression exhibiting the con-
sequences of causality, unitarity and crossing. But just
for the case of the two-point functions a complete
spectral representation does exist and we would like to
exploit this representation to estimate the crucial high-
energy behavior of S and D in conjunction with the
gauge-technique described above.

The following is a summary of the known results. By
considering the momentum transform of {O|y¢|0) (for
simplicity of writing the formulas assume a scalar
electron)

+ / Mybydy M+ -]S*, (1.23)

where (1) 8, stands for mass shell wave functions like
0(£po)d(p2—m?), (2) M4, M, etc. are the contributions
from {0|y¢|3), (O]¢[4), - - - and (3) ReS(p?) is recovered
from ImS(p?) by the standard Lehmann-Kallen dis-
persion relation. It is this dispersion relation which sets
a powerful (minimal) limit to the high-energy behavior
of .S; for a theory with positive definite metric it states
that S must be at least as divergent at infinity as So.

The manner in which we propose to use (1.23) is as
follows: The right-hand side of (1.23) contains I on the
mass shell for two particles as well as the four and higher
point Green’s functions My, M5, ---. For T (on the
mass shell of two of the external momenta), one can
likewise write the following unitarity relation:

Im F(s)= Re[fF5+6+M4*

+ / SM 5.8, Mg+ - ]

0=Im[/F6+6+M4*+ i ]

Here

F(s)=F[(p+9)"]
={0](*)| ,0)r=g?-m>=S(T(s) (1.25)

and Re F(s) is related to Im F(s) by a dispersion rela-
tion. Using (1.24), (1.23) can be reduced to read

S=S[M,M;, --].

plegql=m?

p2=q2=m2

(1.26)

At this stage, not having dispersion relations like
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(1.23), (1.24) for M4, M, - - -1® we must use the Dyson-
Schwinger formalism to express the M’s as functionals
of S, D, and T, Our final procedure will then be the
following:

(1) Use the Ward-Takahashi identity to define
T4[S,D].

(2) Write (1.26) with M4, M, - - - expressed as known
functionals of S, D and T. Approximate I'=T4[S] in
the integral relation (1.26) for S.

(3) If a solution to (1.26) exists satisfying the self-
consistent boundary condition DY2STA[S]=0(1/k?),
the theory is finite and renormalizable.

(4) The full T (on two-particle mass shell), computed
from (1.24) by a straightforward iteration, will behave
similarly to T'4 at high energies. To see the force of this
last remark, note that the arguments of Sec. I. 1B re-
garding the behavior of the integrals concerned apply
equally to (I1.24). This is because the dependence on
external momenta (p) of unitarity integrals like
SEp,k) - - 61 (k2—m?)d*k is (in general) similar to that
of integrals like S'F(p,k)- - - d*k/(k2—m*+ie).

Summarizing: Whereas the stability criterion derived
by considering Green’s functions other than S, D, and T
gives a general boundary condition on a product of S, D,
and T, the spectral representations of S and D give
additional information about the minimal high-energy
behavior of .S and D themselves. This information com-
bined with the stability criterion sharpens the require-
ments on the initial choice of T'4[S,D].

In Part IT we shall write down in detail Egs. (1.23),
(1.24), and (1.26) for scalar and vector electro-

18 To appreciate the problems involved in writing a general
unitary set, consider the Wightman (W) and the time-ordered
(7) products:

Wa={0]e(X1) - o(Xn)[0), 7= {(0]T(p(X1):--o(Xa))|0),
with the definition
Tn:pfm o(Xil_Xiz)e(Xiz_Xia) . 'W(X‘I’Xizt' (DR

Using the completeness relation
We={0] (X1} |in)(in| ¢(X2)|out),
and the reduction formula
(out| ¢(x) |[in) =K1K+ - - (0] T (o (#) ¢ (1) 0 (x2) - - ) |0},
where K = (9*+m?), we may write
T =20(Xs—Xip) - - 'n b:gcka (B)rri1 (X At

X (=8 (K)*rs11(Xip,8).

This last set will be called the Unitarity Set. One could, in principle,
completely replace the Dyson-Schwinger set by this unitarity
set, but to make any use of it one must learn to approximate to it,
consistently with the general principles of field theory. The
simplest suggestion (analogous to perturbation theory) of approxi-
mating to r,, is to retain on the right only two (or three, or four
-+ +) particle intermediate states (i.e. keep only 72, 73, or 73, 73, and
74, etc. on the right). This idea however comes to grief on account
of the presence of the 8(x) factors. In general it is not clear that
even the Lorentz invariance of the T products would be preserved
with this type of unitarity approximation and it is at this stage
that use of something analogous to local commutativity becomes
necessary.
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Fre. 1. The vertex function.

dynamics,'® in a two-particle unitarity approximation.
In Part IIT of the paper these equations will be solved
and the general statements (3) and (4) above will be
explicitly verified. In Part IV we shall indicate how one
might set up a practical calculational scheme, consider
its gauge covariance and indicate how the scheme may,
in principle, be improved in successive stages to in-
clude higher particle states and also to go beyond the
approximation of I'=T,

Part 11

This part forms the calculational heart of the paper.
In Sec. 1, we rapidly illustrate the main ideas of the new
approximation technique which incorporates Ward’s
identity. In Sec. 2 the general spectral representation of
A and D, and the form factor decomposition of T, are
written down and the two-particle contributions to ImA
and ImD are evaluated. (A is the charged meson propa-
gator). In Sec. 3 the same is done for ImT both for
scalar and vector electrodynamics. We also consider in
Sec. 3 representations for C parts (two-meson, two-
photon graphs).

1. THE APPROXIMATION SCHEME

In this section we illustrate the approximation scheme
in its barest essentials by computing A, the charged
meson propagator for spin-zero and spin-one electro-
dynamics. We wish to show in particular how the use
of Ward’s identity improves the convergence of the
integrals in the theory and start by solving for A and T’
by using the following two exact equations for the basic
Green’s functions (see Fig. 1):

ImA(p)=—2x]{0] ¢(0) | n) |2

LTu(p,8') = 5H(p) = A7(3); p'+-t=p.
(Ward-Takahashi identity).

Equation (I1.2) determines the A-dependent part I'4
of T'. In this lowest approximation other Green’s func-
tions are computed by drawing ‘“‘irreducible diagrams”
for these and then by inserting A and I'4 for the meson
lines and the vertices. The result is a theory which is
more convergent than conventional perturbation theory.

(IL.1)
(I1.2)

¥ It may be noted that for any gauge except the radiation (i.e,,
Coulomb) gauge, electrodynamics uses an indefinite metric. Thus
though Lehmann’s theorem applies directly to the gauge-inde-
pendent part of D, its use for the charged particle propagator
needs care. See Part III for a fuller discussion.

B 1403

A. Scalar Electrodynamics

If m is the meson mass, one can introduce a spectral
representation for A!(p) in the form

A (p)y=(p*—mD)Z(p*) (I1.3)
0 2. 2 G
Z(P2)=1_/ M——@dx (11.4)
mt  pE—a-ie
Define
Z=lim 2., Z(p?)= 1—/G(x)dx. (IL.5)
Provided that all integrals converge,
— 2 G d
Zo=7- @i e
pi—a-tie
Since
AT p)—AT(p)
(x~m®)2G(x)dx
=(pr—p)| Zz+ 1.7
s O e REUE)
Ward’s identity gives the exact relation
t[Te—TA]=0, (11.8)
where
TA= (ptp) [z+ (PG () (11.9)
e = P Pl a / }' *
(x—p")(x—p")
Note that
Loty (p'2—m®) = (p+p")aZ(p?)8(p'*—m?). (I1.10)
Quite generally T has the form?®:
To=Tot—da()(p+2)B(p*p"%1). (IL11)

From PT invariance, B(p?%,p'2,¢%) is symmetric in % and
$'? but is otherwise arbitrary.

Now assuming two-particle unitarity, one can write
the following equation for ImA:

ImA= —[5+(p2—m2)+A< / ramr*)a*]

or more precisely

1
~ Imai(p)= /nwquhma

(2m)?
X[ dan(t) — aean(t) 10:.(2) T*(p,p")d*p’

Here [dqo(f) — ae.s(t) 164+(2) is the absorptive part of the
free photon propagator in an arbitrary gauge specified

(11.12)

* The transverse projection operator du(#) =—guw~+td/f and
the longitudinal projection e, (f) =£.8,/# were introduced in
Paper I. Writing d and e for these, respectlvely, note e-e=e,
d-d=—d, e—d=1, e-d=0. Also if A=Xd+X e, then AL
= )\)_ld‘f‘)\z_le
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~ Im 27'(s)
Re 27%s) ’\,\
1
o 1 s;m"
ala-3), [ o (a-3) s
— W (;,) — Ln. (;))

Fi6. 2. Graph of Z™1(s) versus s.

by the constant a. Let us now make the first approxima-
tion of our theory and take I'=T4 [Eq. (I1.9)] on the
right side of (II.12). Using (I1.3) and (I1.6), and
evaluating the integral, we get:

1 ~3) (p*+m?
_ImZ(p2):_a(a ) (p*+m?)
T 2 p?

X[ Z(p)[20(p*~m*) (11.13)
with a=¢2/8x% Dividing by |Z(p?)|%, we obtain
equivalently
(/7)) ImZYx)=a(3—a)[ (s+m?)/2s]

XO(s—m?); s=p2.

(I1.14)

From the well-known analyticity?! properties of the
propagator and using Z7'(m?)=1, we can write the
dispersion integral?? (Fig. 2)

a(3—a) ® dx
Z7Y(s)= 1+———(s—m2)/ — (I1.15)
2 J w2 2(x—~s-+1i€)
=1+3a(a—3)(1—m?/s)
X[n|(s/m2)—1| —ixb{s/m>—1)]. (11.16)

2 In writing (11.15) we have ignored the part of the integrand
which gives rise to the usual infrared divergence lim,2 o In (m?/u?).
This has no bearing on the high-energy limits of Z71(s).

2 771(s) may possess real zeroes (especially when ¢<3) for
So/m?<1 where

So/m?=%a(3—a) (So/m2—1) In(1—S,/m?).

If o is small, the real zero occurs at Sy/m?~z —e2/23~2) and the
representation of Z(s) must be modified to

2 (s—m?) o 7 Glx)dx
aG—0)  Graree-ay ~6=m) /mzs—x+ie

for small & and a<3. This CDD pole in the inverse propagator
(and therefore in I'4) seems innocuous since the combination T4A
does not contain a pole. (A complete discussion of this point
should include also the C part CDD poles. We wish to stress here
only one thing: the appearance of a CDD pole in I'4 has nothing
to do with the approximation procedure above. Whenever A has a
zero, this pole will turn up in I'4 through the Ward-Takahashi
identity). It can easily be checked that the pole is innocuous for
the high-energy behavior of the theory but of course precludes
expansion around a=0,

Z(s)=1—
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Clearly,
Z= 1‘2& Z(s)= 11_{2 (n(s/m®) =0 (IL.17)
for all >0 and a#3. Asymptotically,
ala—3) In(s/m?)
s z——~—25———— ,
(I1.18)

ImZ(s) ala—3)s s\
G(s)= = I: ln?<——):| .
r(s—m?) 2 m?
To obtain I'4, one may substitute (I1.18) in (I1.9). Now
note that the factor [In(s/m?) ]2 in the expression for
G(s) acts as a built-in convergence factor for the theory.
To see this, consider for example the lowest order irre-
ducible diagram for meson-meson scattering as shown
in Fig. 3.

Let the mesons py, po, ps, P4 lie on their mass shells.
If meson self-energy insertions corresponding to A and
vertex insertion I'4 are made in this diagram, the con-
tribution to the Dyson integrand from the (p1,ps) line
in Fig. 3, equals T'(p1,2) A(u) T'(2,p2). Since [Eq. (11.10)]
To(pru)=(p1+u)Z(4%)| p,*=m?, the net contribution
from the (p1,p2) line is (p1+o)o(pat-1)oZ (u2) / (u2—m?).
Thus, Fig. 3 with all its insertions gives

I= f du XW)Za) T,

where X () is the normal perturbation theory expression
which behaves like 1/u#* for large u. Since [Z(u)]?
=00 n~2(u2/m?) ], integral I is no longer divergent. Even
with this simplest of modifications, apparently the need
for a new subtraction constant to cancel the meson-
meson scattering infinity® has disappeared and no ¢**?
type of counter term is necessary.

It is perhaps instructive to compare our expressions
for A and T' with those obtained from perturbation
theory. The perturbation A may be obtained by sub-
stituting T,=(p+"). and A= (p?—m?)~! on the right-
hand side of (I1.12). The resulting expression happens
to coincide exactly with the one obtained in (I1.16).
This, however, is not the case for I’; whereas, in our
expression for I'4 the coupling constant a occurs in the
combinations [ 14« In(s/m?) T and (14« In(s"/m2) 17,
standard perturbation theory expands these same com-

Y

P

o b
I {
i |
l | F16. 3. Meson-meson
i l scattering.
| |
| |

be

7

L 24

2 P. T. Matthews, Phil. Mag. 16, 185 (1950).
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binations in the form 1—a In(s/m?) and 1—a In(s’/m?)
thereby visibly sacrificing the high-energy convergence
properties of T in order to achieve consistency in the
power series sense.?

B. Vector Electrodynamics

The procedure is completely analogous to the spin-
zero case. Here we set down the barest essentials leaving
to Part III, Sec. 2 the fuller details. With the notation
of Ref. 2 the general propagator A,, depends on two
spectral functions (associated with the transverse and
longitudinal projections d,, and e,,). Write

ATl=d(p*—m*) Zi(p*)+em*Za(p?),  (11.19)
where
Gl(”\f)dx
2D =1 (p—m) / (11.20)
p2~x+ze
Gi(x)dx Go(x)dx
Zz(p2)=1-—m2/ pZ/ . (11.21)
x pi—atie

The wave function renormalization constant Z and the
bare mass constant are given by the relations

Z= lzim Zi(pY) = 1—-/G1(x)dx, (11.22)
mo2Z
= lim Z,(p?)
m?2 plarce
Gl(x)dx
zl—mZ/ —/Gz(x)dx. (IL.23)
x
Defining
G(x) = (x—m?)2G1(x)/ x4+ m?Ga(x) (11.24)
and
o(x)d
3(4%) = Z— / Sy (I1.25)
pr—at-te
one may rewrite (I1.19) as
AT p) =~ gu(pP—m) Z:(pP)+ pup3(p?).  (11.26)
Since
Auv_l(f’) - Auv_l<P,)
= —gu[ (p?—mN) Z\(p?)— (p"?—m*) Z1(p") ]
+pup/[3(p%) —3(p"™) ]
+puts3(p) 1.0 3(p"),  (I1.27)
one can satisfy Ward’s identity in the form
ta[raw"‘ ra;.wA] == 0 5 (IIS)

#That the perturbation T must contain terms of the form
(L—alns/m?) and (1—alns’/m?) can be verified directly by writ-
ing the perturbation expression for A™1(s) —A™1(s") and checking
through explicitly for Ward’s identity.
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where

awt= =G40 oo 24 [ M}

(x—p?)(x—p"%)
— pubs / - 5 ,QJ

P (a—

+Pl‘gal’a(?2)+?v gaya(P/Z) . (IIZS)

To evaluate A~! use as before the equation

ImA_1=€2/PA6+3+P*A. (IIIZ)

Noting that

(p?—m?)*G,= —(1/37) Tr(d ImA™Y),
m?p?Ga=(1/7) Tr{e ImA™?), (11.29)

we obtain

(1/7) ImZ~Y(s)
=[a(s+m?)/24m?s*> |0(s— m?)[ 3a(s+m?2)?
—2(s—m?)?—3(s24+10m2s+m*) ] (I1.30)
and
(1/7) ImZy(s)
=[a(s—m)0(s—m?)/8m*s?]
X[Bamt(s+m?) | Za(s) | 2—3(s—3m?) | F1(s)|?
—2(s—m%)(2s+m?) Re F1*(5)Fs(s)
—(3/8) (s—mA*(s+m?) | Fo(s)|*], (IL.31)
where

Fi(s)=—(s—m?) Z1(s)—m2Zs(s)

Fa(s)=27(s). (IL32)

The equation for Z, is immediately soluble. For large s,
ImZ~1(s)=0(s). Thus,

Z:1(s)=0[(s Ins)~1] (and Z=0, all «>0). (I1.33)
From (IL.31) and (11.32)
ImZy(s)=0(1+Re[ Z;}(s)(Ins) )
and the solution has the form
Za(s)=0((lns)™Y) (and Zm?=0). (I1.34)

We shall return to the full discussion of (I1.33) and
(I11.34) in Part III, Sec. 2. Here we simply remark that
high energy behavior of type (I1.33) and (I1.34) is pre-
cisely what was stipulated for Z;(p?) and Z.(p*) in
paper I, in order that a ‘“‘stable’” approximation scheme
for a finite vector electrodynamics can be set up.

We have not considered in this section the computa-
tion of the full I'. In Part IIT we make this computation
and explicitly verify the assertion of Sec. I. 1B and I. 1C
that T' and I'4 behave similarly for large energies.
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2. FORM FACTOR DECOMPOSITION OF IT" AND TWO
PARTICLE CONTRIBUTIONS TO A AND D

In Sec. II. 1 we set down the spectral representations
for A and those parts of ' which depend directly on D
through Ward’s identity. In Sec. II. 2, we write down
the general spectral representation of D, the photon
propagator, decompose I into form factors and compute
the two-particle contributions to ImA and ImD. In the
next section Sec. II. 3 are written the two-particle con-
tribution to ImT. We also rectify in Sec. II. 3 the
omission so far in not considering C parts (2-meson,
2-photon graphs) which for spin-zero and spin-one elec-
trodynamics play as crucial a role as the vertex function
T itself and are in any case necessary for ensuring
gauge invariance.

(i) Neutral Vector Meson Propagator D (Massive
Photon in an Arbitrary Gauge)

Following Feldman and Matthews?® we write the
photon propagator in the form

D1 () =d()(#—p*) Zs(*) —e(D) Zano*(P—N2)/N?, (I1.35)

where \Ga(x)
12— u?)Gs(x)dx
Zo(?)=1— / CoiGlade a6
2—xtie
Zg=1——/Gg(x)dx, (I1.37)
[.10223 Gg(x)dx
=1— / . (11.38)
u? x

Note that in this formalism the absorptive part of the
free photon propagator equals

(1/7) ImDg(£) = d(£)8,.(£2 — p2) —N2u~%e(£) 6., (£2—N?)..

(ii) The Vertex Function

(1) From C and P invariance

Tu(p,p)=Tu(p',p)=—Tu(—¢', —p), (I1.39)

where transposition (~) refers to charged meson indices.
(2) From the Ward-Takahashi identity I, must have
the form (true for any arbitrary gauge)

u=T,44TB=T,4~d.() Bs(2),

% G, Feldman and P. T. Matthews, Phys. Rev. 130, 1623
(1963). In this formulation of electrodynamics, A? is introduced
with the significance of the mass of a “time-like” photon whose
polarization is always along the propagation direction £,. Current
conservation guarantees that the mass shell S-matrix elements
(though of course not the Green’s functions) are independent of
A% The constant A? specifies a particular covariant gauge:
a=N/u?=0 defines the Landau gauge, and a=X*/u?=1 defines
the Fermi-Stuckelberg gauge. For A2/u? —c one recovers con-
ventional theory of massive neutral vector mesons.
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where

LLot=A"1p)— A (p) and 1, T.P=0. (I11.40)

Possible forms for I';4 for scalar and vector mesons were
displayed in equations (I1.9) and (I1.28). The properties
of T',B are listed below:

A. Scalar Case
(1) From symmetry considerations
By=(p+")sB(p%p"1%) (I1.41)
with
B(p*,p'* 1) =B(p",p%1) . (11.42)

(2) The physical requirement that T'; does not exhibit
a pole at 12=0 implies that

B(p*,p%1%)
lim —————=

20 2

=finite. (I1.43)

(3) The requirement that the mesons carry unit
charge imposes the restriction

Ta(p,0")| preprtom?=2pa as {— 0.

Thus B(m?,m??) — 0 for {— 0. This condition is in
fact part of (I1.43).
(4) On the meson-photon mass shell

ta(p2_m2)
Tu(p,p)= (?+P’)2E(P2)~—————2 CEpH—Z(pM ],
where g
E(p")=Z(p%)+B(p>m>p?). (11.44)
For p2— 0 write
E(p2)—Z(p2 B(p?m? u?
OB B
420 u 220 e
Thus,
Ta(p,") | r%=m? w0
= (p+9")aZ(p?) —tu(p2—~m?)E'(p?). (IL.46)
On the two-meson mass shell
I‘a(?:?’) | p’=p'*=m?
= (p+p")[1+Bm2m2i?) 1= (p+4).6(?). (11.47)

This last equation defines electric form factor &(#2).

B. Vector Case

The general expression for Tou® is dus(t) Bow(p,p',0),
with
Bb;w = (?‘i“ﬁ’) bI:Blg;w+ B2putv+B3tqu,+B4pupv’ +Bﬁt,utu:l
+ (gbvtu_ gbutv)Bﬁ_'_ (gbvtu+gbpty)B7

+gupuBstgop,/ By, (11.48)
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Thus,

rw=—@+w¢4}+/91fﬁ%§@]

(x—pM)(x—2")

(x)dx
/ ik . e[ (p+ ) apupy + (5= p¥) ganpp)’
(x—p?)(x—p'%)

+ (= p")gawpu ]+ dar() Buw(p,p") . (11.49)
(1) The symmetry properties are
B1as,6(p%0"%8) = Bu,4,5,6(p"%,p%12)
B 2 5/2 42 =.__B /2 p2 32
7(17 4 :t) 7(? s )7 (IISO)

By,o(p?,p"%1%) = B s(p'%,p%1%)
Bas(p%, "4 18 = — Ba,o(p",p%12)
Clearly only seven of the nine B; are independent.
(2) In order that T, have no pole at =0,
') B3 s+ Bs,g
= (p2— p)Bs+2B,=0.  (IL51)

(3) Contracting out on the polarization vectors of
one meson [i.e., Tou(p,p ), (p)], we get

Bow(p,p") = (p+1)e
X I:Blguv+B2Putv+ Bﬁtutv]+ (gbvtp_'gbp.tv)BG
+(gbvt#+gbytV)B7+gbvpuB8 ) (II-SZ)
so that just six form factors remain. Contracted out on

the second meson polarization vector, only three form
factors survive:

Buo(P)Tapo(p,0")80r(p) = Aup(P)L (P 1" )a( — e 8+ 140 Q)

o
imBra=(@

+(gasto—gaot ) M1don(p’), (11.53)
with
8(12) =1+ By(m2m2,12)
9(#®)= — Bs(m*m2t?) (I1.54)

M(82) = Be(m2,m212) .
We shall call &, 9%, and @ the electric, magnetic and
quadrupole form factors (though the designation is not
strictly correct in the last case). These must be gauge

tnvariant just like & in the scalar case. In the static
limit, we obtain

&(0)=1 (unit charge),
9(0)=K (magnetic moment in units of ¢/2m),

9(0)=(2/m?)(g+K—1) (gqisthe quadrupole
moment in units of e¢/m?). (IL.55)
(iii) The 2-Particle Contributions to D and A;
General Expressions

In our calculations, the 2-particle contributions will
play a crucial testing role. These are computed in this
section with completely general spectral functions of
Part II, Sec. 1 for scalar and vector electrodynamics.
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A. Scalar Electrodynamics
(1) Photon self-energy.

f 4T a(p)

X84 (p2—m?)d4(p"2—m?)To*(p,p') .
In terms of the spectral function for D! and the form
factor of I' this reduces to

Ga(11) =[at?/6(12—p*)?]
X (1—4m2/t2>3/2 | g(tz) l 2902_._

with &(#2) defined in (I1.47).

(2) Meson self-energy. This has been computed be-
fore in Sec. 1A for u=0 and I'=T"4. For the general case
it is convenient to separate the photon mass-shell con-
tributions into two parts; one part coming from the
Fermi gauge — gqu04+ (82— 1?), and the second coming from
the remaining terms (¢o#5/u2)[84 (82— u2) — 8:(2—2?2) ], in
the photon propagator. Thus,

(1/7) ImA(p) = A(p)[X (p*)+ Y (p*) Ja*(p)
where the gauge-dependent contribution ¥ (p?) equals

e

(2m)?

1
- ImDab"l(t) =

4m?)  (IL.56)

V(p)—— /(tr)aw ) (T's¥)
(P)_(Zﬂ'):" ol'a) 04 (P m Ll

1
X—[84(f—p?)— b, (#*—au?) Jd4
i

=[a(p—m®)?/2p%>]| Z(p?) |2
X[e(u?)— o(au?)].

Here ¢(u?) is the quantity which arises naturally in
evaluating the phase space integral

(I1.57)

/ 045, (P )5, (o~ )P —m?]
re(u?) «

~ 0 -5;;9[} — (m+p)*]

X [(P2_m2_”'2)2—

Indeed the result with u=m has already been used in
(I11.56).] The Fermi gauge contribution, X(p?), to
ImA(p) equals

ap(u?)

Am2u22, (T1.58)

X(iﬂ)— [(2p2+2m2~u2>lE(p2)lz

( 2 2)2
el
%

' wm] (1L.59)

with E(p?) defined in (11.44). All in all then,

2y 2 X 2
G(P”)~[ (2] ——L W) — o(ap?) [ +———— _(1;:“

(11.60)
2p*ut (9°
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It is worth remarking that for ¢ —— (ie., no time-like
photons in intermediate states) ¢(ap?)=0 and G is
positive definite as indeed it should be. In the limit as
u?— 0 (I11.60) gives

G(p?) =af(p*—m*)[(a—3)(p*+m?)/(p*—m?)
X | Z(pH) |24 2(p*—m?) ReZ*(pY)E'(p%)]/24*

with E'(p?) defined in (I1.45).

(1L.61)
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The total number of unknowns appearing in the equa-
tions for A and D equals four [G(p?), G3(£2), E(p?), and
&(#%)]. Thus besides the two equations for G and G; we
need two more. These are provided by writing the two-
particle approximation to I' using (I.24) and are set
out in Sec. 3.

B. Vector Electrodynamics
(1) Photon self-energy. From the equation

(= GE)= = —un®) [ BT VD))o o =m0 )
U

we arrive at?6

4m?

3/2
G3(l2) = 1——';2—) 9((‘«2—‘4%2)

24mi (12— ,ﬁ)?(
X [(tt—4m22412m*) | 8(12) | 2— 202(£2— 2m?) Re &*(12) 9 (2) — 2(82— 2m?) (12— 4m?) Re &*(12) Q(#2)
+2(2-4m?) | T | - 142 — 4m?) Re*(12) Q(2) +4(2—4m?)?| Q(12) |*]  (11.62)

with the form factors 91, &, and @ defined in (I1.54).
(2) Meson self energy. A rather lengthy evaluation gives the following general expressions:

s

=iz

o= (o 4; )) (@) 28]+ iy

2( 2+m2_ 2) (Pz_l_.m?_ 2) 2( 2> 2 2( 2
BT TR RemH ()M (p)+ T RBP4+ RO M )
2m*p? 4m?p?
2 2 2 B2 g2 3 2( 2412 2 2 2+2 2__.,2
P i PN Ok i ReM*(p?)N(p%”( BB e
np? iy’ sy
( 2. 2)2 2( 2) 4( 2) ( 2. 2)2+2 2(p2 4 m2
I e )+ gy | L TR m)lN(p?)P]}, (11.63)
4m2p2 16 2 2 47%2]')2
with
E(p?)=Z1(p*)+Bi(p*m*u?) (11.64)
Q(p?) = — Bs(p*,m*u?) , (11.65)
M(p*) = Bs(p*m*u?), (11.66)
N(Pz) = B7(Z’2»m2:l¢2) . <II67)
Equation (I1.64) is analogous to the scalar counterpart (I1.65). Further,
@ 2o (au?)
Go(p?) = - Za(p?) ]2 2
e R KL IE
2(,,2 4( 2) ( 2,2 42 2(,,2
x[(3+ e ))[rl(p2)12+‘p () P o) ReFl*(p2)Fz(p2):”, (I1.68)

26 That G in (I1.62) is indeed positive definite can be seen by de fining in place of 9 the combination
#\e £ 2
x®)==(1-5) (O =@ +2(1- 1) 00,
in which case (I1.62) simplifies to
Gt =

sl ) (@@ e ]
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where

Fy(p?) = — (p*—m*) Z1(p*) —m*Za(p*) + 3 (p*—m*+ 2 ) U (p*) + N (p*)+ p* Bs(p*ym* *)
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(IL.69)

Fy(p®)=2E(p*)+2p*Bo(p*m* u) — (p*—m?+p2)Q(p*) + N (p*) — M (p%) .
In the limit u? — 0 as noted in (IL.51), E, Q, M are nongzero. Other form factors By, B4— 0. Also in this limit,
E(@pD) — Z:(p%), F1(#?) — — (PP—mH[Z.(p7) —3M (%) J—m*Z2(8), F2(p*) — 2Z1(8%) — M (p*). Writing

lim Q(u?)/u* =0’ etc.

u?~>0

and  E'(p?)=0E(p%u?)/0u?| wio,

(11.70)

We have adopted here the stronger form of (I1.51) in which every B;— 0 as u? — 0, except ¢=6. This makes no
essential difference to (I1.71) and (I1.72) but simplifies the expressions considerably.

a0(p—m?) f3a(pP-m?)? (p*+m?)
Gu(pt)=—t " ( T 2 =S gy 36me7] | 24(p)
24m2p4 pZ_m2 pz__mz
2 [P 1205 ReZi* (5 E (55— m?) (42 m?) ReZy* ()0 (5)
— 22— m2) (Pt m?) ReZ*H (PN () +2(p2—m) (- mI[ReZ* (p) M (p9+ | M (p%)] ] ) . (IL7Y)
om0 — m?) ,
Ga(p?) = (Bams (B m?) | Zo(p?) | *—3(p—3m2) | Fa(p?) >+ 25— m?)? ReF*(p) Py (5)

8m2 PG

—2(p*—m?)(2p*+m*) ReFr*(p*) Fo(p?)+ (p*—m?)*[ReF1*(p*)Fy (p*)+-ReFy (p°) F2* () ]
— (5/4)(p*—m?)2(p*+m?) | Fa(p?) | *+-5(p*—m?)* ReFo*(p*)Fy' (p7)} . (1L.72)

The total number of unknowns for wvector electro-
dynamics in the limit y2 — 01is 12,

Gla G2: G3> E(P2)> (g(ﬁ): M(P2)’ m(tz)v
(%), ), N(p»), Bo(p*), Ba(p?) .

Besides the three equations for A and D we need nine
more equations (from the two-particle approximations
to the vertex function) to make a complete set.

3. VERTEX FUNCTION IN THE TWO-PARTICLE AP-
PROXIMATION AND C-PARTS (TWO-MESON,
TWO-PHOTON PROCESSES)

The Basic Equation

By considering
0150 [£,9)in= (0] 7(0)] 2)out 0ur(2] £,9)1n

and using PT invariance, we get
Im(A(s)T(s)) = Re/A(s)I‘(s)6+5+M*(s) , (I1.73)
0=Im/A(s)P(s)6+6+M*(s); s=(p+qg2. (I1.74)

One may extract from M the one-particle reducible
parts in the s-channel, thus writing (Fig. 4)
M=M a+T{)A()T(s). (I1.75)

Using ImA= /| AT'|?8,44, Eqgs. (I1.73) and (I1.74) re-

duce as follows:

ImPZRe/P8+6+M(1)*7 (1176)

0:Im/T6+6+M(1)*. (1177)

To see the character of these functions, assume all
amplitudes are scalar functions. Equations (I1.76) and
(IL.77) are equivalent to the (two-particle) unitarity
condition on M ,:

2

Im/6+64M(1)*+‘/6+6+M(1)* =0, (1178)
and the equation
Im/6+6+M<1)*
ImT
tanf= = (11.79)

Re/6+6+M(1)*

This is the homogeneous Riemann-Hilbert equation

F16. 4. The one-particle irreducible scattering.
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F1c. 5. Basic triangle graph for the vertex equation.

which has been extensively studied by Muskhelishvili?
and Omnes?” and has the solution

I(s)=cX(s),

o-efl [ 2]

—0a

(11.80)
where

(11.81)

Theinclusion of three- and higher particle states con-

SALAM AND R. DELBOURGO

Fi16. 6. Diagrammatic interpretation of the gauge
identity for proper Compton scattering.

A. Unphysical Photon

To make the problem tractable we must approximate
to M ). From crossing symmetry for M, M, must
include the one-photon contribution T'(E)A(k)T'(%). (See
Fig. 5.) This contribution, by itself, however, dees not
satisfy unitarity; in fact for the relevant values of k?

(i.e., k2<0), M (1, is purely real and thus needs to be

verts (I1.79) essentially to the inhomogeneous form
supplemented by further terms. These are given by

) Im1j=tan0 Rel'+U(s), (IL.82) (11.78). Neglecting |ImM (1y]% compared to ImM ()
which has the solution unitarity gives ImM qy=—[ReM 2. With ReM ¢,
U(x)dw =T'AT" in this approximation we finally obtain?
[ / ] (s). (11.83)
(x—$)X(x)

(i) Scalar Electrodynamics (11.84)

tanf= / 840, TAT.
We will now consider the two cases:
A. T for the unphysical photon (220, p?=p"2=m?),

B. T'fortheunphysical meson (p25#m?, p"2=m?, ££=0).

Using the phase-space integrals listed in the Appendix,
this works out as

ad(t2— 4m?) (dm?—2—2k2) (202-+E2—dm?)
k? .

R / d. k)25 (k)
24— dm¥2)12 212 k2

tang(s?) = (11.85)

where 8(k%) and Z;71(k2) are real for the integration range of &2,
Collecting all the relevant equations in the two particle approximation with the photon unphysical, the propa-
gator and vertex function equations are

1 a 42 3/2

—ImZg(t2)=—<1—-—> 812 —4m®) | 8() |2, (I1.86)
T 6 £2

1 aB(12—4m?) Re8(12) [0 (dm2— 12— 28%) (2024 k2—dm)

—Imé(2) = / dk? . & k%) Z (R, (11.87)
T 2(12—dm22)1/2 dmit dm?—1? k2

with the boundary conditions Z;(0)= &(0)=1.

B. The Unphysical Meson and Consideration of C Parts

The calculation is similar to the above. It is more complicated insofar as gauge invariance demands a proper
treatment of two-meson two-photon (C-part) contributions which are involved in the intermediate states. Some
remarks about the C parts are therefore needed:

27 N. Muskhelishvili, Singular Integral Equations (P. Noordhof Ltd., Gréningen, The Netherlands, 1946), p. 111. The solution in the
text is the so-called “fundamental solution”; it is the solution which applies when the change in the argument equals zero when x goes
from — e« to -+ . When this argument change is nonzero, the constant C in (II1.80) is replaced by a polynomial. The high-energy
behavior of T is thus determined by the phase shift [6].% of the scattering amplitude and therefore (through Levinson’s theorem) by
the number of possible bound states and CDD poles. A detailed discussion of this will be published elsewhere. See also, R. Omnes, Nuovo
Cimento 8, 316 (1958).

28 In writing this we have the familiar dilemma of S-matrix theory; how to reconcile within one (approximate) expression, the demands
of causality, crossing, and unitarity. Thus absolutely strict (2-particle) unitarity has been sacrificed in M ) by not including terms of
the form f(TAT)AA(TAT).
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If Con(p,p’; k,k") stands for a proper Compton scattering graph (i.e., one-meson irreducible graph) it is easy to
show that?

kacab(P;P/; kak,) = Pb(?+k) P/)— Fb(P’ P/"‘k> ) (1188)
ko' Cav(p,ps k) =Ta(p, p+k)—Talp'—k, ). (I1.89)

These identities can be represented diagrammatically as shown in Fig. 6.
The symmetries obtained by C and P invariance are

Carlp,t's k) =Car(— ', = p3 k") =Cus(p,p; —k, —k')=Calp',p5 &' ). (I1.90)
Similarly to the vertex function, we may define a “‘gauge covariant” separation
Copr= CabA+CabB where k9C 8= k"’CabB= 0. (1191)

Now T itself consists of two parts, I'4 and the purely transverse part T'® [see (I1.40)7]. Thus C4 (kC4A=T~—T)
itself consists of C44 terms (kC44=T4-—T'4) and C48 terms (kC48=TB-—TI3), Now,

(ptktp (k) ]
(w—p Do~ (p+k)2] (v—pla—(p'—k)2 ]
de(e—m?)G@)Nan(p,p; R %)

(p+R) ) (x—p?)(w—p[w— (p' —B)2]

TyA(p+k, p))—Toi(p, p’—k):Zka—{—/dx(x—mz)?G(x)[
so that we may write

CabAA(P;?/§ kak/) = 2gabZ+/
[x—

(I1.92)

where

Na(pp's kk'; 0) = 2gau(w— p?) (x— p")+L(p+p)okd' = (p+ ") ko 1(p* — 1)
—[(p+p")a(p41")s—kokd J(p*p'*—2x) . (11.93)

Similarly, from TZ—TZ? we may write

k /
Cas®(p,'; ) = —dac(k)[(erp’)c;e%{B[p?, 5+, 1= BLp— k)%, 9, KT}
| ko
gl BLS", (9+E), K14+ BLG— K'Y, 17 k?]}}[ﬁw PYABLGRY, p, B
e

— BLp?, (' k)%, K P H-gaed BL(pHR)?, 27, K214 BLp?, (' —k)?, k”]}]dcb(k') . (IL94)

The expressions (I1.92)-(11.94) for C possess all the requisite symmetry properties®® and together give the I'-de-
pendent part of C. It is this part whose inclusion in any calculation is necessary to preserve gauge invariance.
We can now return to the discussion of the vertex function with the meson unphysical. At the outset we set the
photon mass zero so that
Tu(p,p’) | prr=mtim0= (" )aZ(p?) — (p2—m?) (p— PE'(pY).
Clearly,

(p—1)alalpp )= (p—m)Z(p)=4"(p) and (p+p)ulu(p,p)=2(p*+m*)Z(p*) — (p*—m*)*E'(p?).
Approximate to M () in (I1.76) by the gauge covariant combination?®!
M y=T4AT4+CA4,

% K. Nishijima, Phys. Rev. 119, 485 (1960); T. D. Lee, Phys. Rev. 128, 899 (1962).
# Tt is perhaps instructive to write the spectral form for C44 in Mandelstam variables s= (p+-£%)%, %= (3’ — k)%

CabAA (P,ﬁ',k,k') |mass shells = ZgabZ+/dx%
with
Nap(s,0t; ) =200 (x—m22+2L (p+5)a(pF2) o —Eka (& —m?).

(—mHG(x)dx A7) —A" () 7 (x—m)Gx)dx _Z(s)—Z(u)
(x—s)(x—u) s—u T [ (x—s)(z—u)  s—u
this may be more simply expressed as

CabAA (s,u) = 2gab[

Using the identities,

)

B o (gt 00 o+ ook 1 ZDZ20T,

8 My is approximate in the sense that I'5 and the intrinsic spectral functions of C are not taken into account in writing M ¢).
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we obtain (after a lengthy calculation) for the vertex function,

4:(p2+m2)2 9p4_l_5P2q2+3m2q2+9m2p2+6m4>

1 G( H2— 12 mi/p?
Dm0 /
2

i |21

T Z(Pz_mz)s i pz_,m2 pz__qz
2+ 2+2 2)2 4 4+9 2 2_+_ 4_|_7 2 2+5m2 2+6 4
+R6Z(p2>z*(q2)((1> ¢+2m?)? 4 +OpPP g+ Tm’p q*+6m )J (1L.95)
q?__mZ p2__q2

Equations (I1.86), (I1.87), (I1.95), and (I1.61) together with the boundary condition Z(m?)=1 complete the set
of two- and three-point function unitarity equations. Before closing this section, it is as well to be reminded that
&(1?) and E'(p?) are themselves boundary values of the same function B(p2,p2,12),

B(pZ}mZ,uz)
8 =1+B(m2m>#?), and E'(p%)= lim0 —
u?-> i

and that the full stability criterion [relation (I.6)] specifies for these the boundary conditions

lim p2E'(p*) and tlim &) =0(1).
pZ_;m 2 »00

(ii) Vector Electrodynamics

The exact unitarity equations for I" are far too long and complicated to write down in full generality, particularly
with the meson unphysical. This is on account of the large number of form factors involved and the need to include
the C parts properly for preserving gauge covariance. The problem is slightly more amenable with the photon
unphysical because here one deals only with three (gauge-independent) form factors &, 9, and 9 as defined in
Egs. (IL.53) and (I1.54). Nevertheless the general expressions for Im&, Im91, and Im @ in terms of &, 9N, and 9
(given by the one-photon exchange approximation to M ¢y as in the scalar case) are still very complicated. We
shall content ourselves here by stating the unitarity equation for Im & (the simplest):

1 £\® af(E2—4m?) 0 dR?
—8m2t4<1—-——> Im&(f2) =~ — / — 7 (k) - (124 282 — dm?)
T 4m? 2(th— A2 [ e o B2
X {Re8(2) { (204 k2—4m?) [(I:2T 15— Isl15) 82(k2) + (I 221 s— 12T )1 592(k2) — 2 8(k2) §(k2) (12 so— I 1151 15) ]
-4k 8 (%) [T (I— o) — To(TaT 15— T2 16) 1 40(E2) QR [T 2T o(Ts— I 1) — InTo(T T s— T 2T 6) ]
' MR 2L 2(Ipe— IsT o) — T (201 y1— T els—I:2T5) )
—ReQ(2){ 204k — dm?) (T2 Lo~ IoT1s2) 8(k?)+ I ;2T 2T s— I'215) 92(k%) — 28(2) Q)T o(I 2l 10— I Tal10) ]
+4U(R2) 8(R2) [I2(TsT1s— I a 1) — IoT 1o(To T s— I11 3) T4-49N(k%) QR [ T2 (Lol s— IsI1) — oIy (Iy T 1—Io1) ]
A+ MR [ 22T 5T 15— [o2— T 2T ) — To(2I T3 Ty — I 2 Ts—I21) 1)) . (I1.96)

The I’s are simple traces of d(p), d(p"), d(p—k), and d(p’—E), and are listed in Appendix I1. In the region of large
12 we get

1
- Imé&(*) ~
T 32m48

/ 0 AR Z (BN (2 2k (12 4-k2)
- X {Re&(2){t4(k2+20)[ — 4 82(k?)+4k2Q(k2) 8(k%)+k*92(k*) ]
+8E4(£2 k) M (k?) (k%) — 16k2m> N (kL) Q(k2) + 218 M2(k2)}
~Re () { £ (k2202 [ 8(k2) — k2Q(k?) 8(k?) +-3k*Q2(k?) ]
— AR k) N (B2) 8(k2) 420285 (k2 +12) (k) (kD) +Retto2(k2) ) ). (11.97)

This equation together with two similar ones for Im9 and Im @ (which have been worked out) and Eq. (I11.62) for
ImZ;~! completes the two-particle unitarity set for D(¢) and T'(¢).
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Part 11T

The two- and three-particle Green’s function equa-
tions of Part II are solved (in the gauge approximation)
to obtain explicit expressions for D, A and T'4 in Sec. 1
for scalar electrodynamics and in Sec. 2 for vector elec-
trodynamics. Also verified by explicit computation is the
dimensional statement of Part I. 1B that the full T
(in the two-particle unitarity approximation) behaves
similarly to T4, In Sec. 3 we go back to the Dyson-
Schwinger equation for A and show by actual substitu-
tion that the unitarity solutions of Secs. 1 and 2 satisfy
this so far as the high-energy behavior is concerned. The
solutions obtained are stable so that with these as start-
ing approximations, the full theory is divergence free.

1. THE SOLUTION OF UNITARITY EQUATIONS FOR T,
D AND A FOR SCALAR ELECTRODYNAMICS

For scalar electrodynamics we are dealing with a re-
normalizable theory. One solution (the perturbation
solution) of the equations is well known; it involves (for
A, T, and D) a total of two subtraction constants
[Z(m®)=1, Z3(0)=17]. In this section we attempt non-
perturbative solutions; these will serve as guides for
the more complicated case of vector electrodynamics.
We also find that the photon subtraction Z3(0)=11s not
really necessary.

4. Meson Equations

Rewrite the meson propagator equation (I1.61) in
the form

ImZ~(p?)=tany ReZ{(p»)+U(p*), (IIL1)
where
tany = — Re[2a(p®—m?)/ p* 100" —m*) L' (p*) . (IT1.2)
1+ Im[2a(p2—m2)2/ p2]E (p?)
o a(a—3)(p*+m*)8(p*—m?) (I11.3)

241+ Im(2a(p—mY/ p)E (p)]
The equation for E'($?) has the form
Im(p?—m?)E'(p*) = | Z($) |*1($*),

where for large p?

(I1.4)

0
f(p)~ f dx{A () (ReZ=(p") 2% (p%)} B(x)] (IILS5)
with

A() = (05-5)/(r—1)

and
B(x)=(2x3+10x2—3x+1) /x(x—1).

Note U($*) =0 for the special gauge a=3.
Using Muskhelishvili’s result (II1.1) has the formal
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solution [subject to one subtraction Z='(m?)=17,

Z—l(pQ)zX(p2)[1_’_(_p_——7”)
dxU
V) ], (I11.6)
(x—m?) X (%) (x—p%)
where
(p*—m?) v(w)dx
X(p?)= . .
(") exp[ - / (x—pz)(x—mz)] (I1L.7)

Also from (I11.4)

1 Z(k2)| 2 f(k?)dE?

(p2—m2)E’(p2)=— L(_)lil__ (T11.8)
T p2_ k2

In writing (II1.8) we have assumed that the vertex
function for scalar electrodynamics needs no extra sub-
traction besides the one at Z(m?)=1. Since f(p?) —
const for p?—co, this assumption is equivalent to
Z(p?) — 0 at least as fast as 1/Inp2. We must now show
that the expression (IT1.6) for Z(p?) indeed does confirm
this.
To see this, note that if (I11.8) holds,

(PP —m?)E'(p*) — 0,

so that U(p?) —> constant and tany(p?) — 0. Therefore,
X(p?) in (IT1.7) — constant apart from a possible loga-
rithmic factor. But (whatever this factor) for ¢543, it is
easy to see that X (p?) times the integral within brackets
in (IT1.6) must increase at least as fast as (Inp?).32 This
is precisely what we set out to show for Z=2(p?) [com-
pare Part IL. 1, Eq. (IL.16)7].

So much for the formal solutions of (IT1.1) and (111.4).
To obtain explicit expressions for Z(p?) and E’ one may
now set up a detailed iteration scheme to solve (IT1.6)
and (IIT1.8). A wide variety of schemes are possible de-
pending on what we take as the effective coupling con-
stant; a particularly convenient scheme is to go back
to Egs. (I1.61) and (I1.95) for E’ and Z and to start
with the first iteration I'=T4[A], (I'4 defined in Part
II. 1) ie., E/®=0% and writing the higher iterations

# We are indebted to Dr. J. G. Taylor for a discussion of this
point.

# Considering the manner in which E’(p? arises in (II1.13)
one can easily see that E’'(p?) came from the following combina-
tion of terms in the integral in (11.59):

li 3(f2—p
“%20 _gtz_“) B (p2,m2,tz) dez.

Now from (I11.31)
B(p*m*P) =[Z:s(B)—1]Z (%)
= -z () [ 2O

=
We thus get £’(p?) =0 for this choice of I'4.
It is perhaps worth stressing that the choice of I'4 in this paper
is not sacrosanct. For calculational case other choices satisfying
the requisite boundary conditions may be equally acceptable.
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as follows:

1 ab(p—~m?)
— IlTlZ<n+1)(j)2>="——‘?;—'
™

1
~ ImE®+0(p?) =

SALAM AND R.

2p* [(a—=3)(p*+mM) | Z(p?) | *+2(p*—m?) ReZW*(p ) E™' (p7) ],

DELBOURGO

(I11.9)

4(?2_1_7%2)2 9p4+5P2q2+3m2q2+9m2p2+6m4

0 Qe 3272 mé/p?
) [ anf 1201
2m2—p2

T 2(P2_m2)3

PQ__m2

P2mq2 >

+ReZO(Z0 )

qZ,___mZ

(Z_i__ 2_.|_2 232 4 4_’_9 22+ 4+7 2 2__{_5 22+6 4
P*+q m)_? p°q*+¢*+Tm*p*+Sm’q m>] (1L10)

PQ__QZ

At each iteration stage Eq. (II1.9) improves Z($?) and therefore I'4[ A7, while Eq. (I11.10) gives the correspond-
ing T'B (I'=T4-+4T2), The starting expressions from (II1.9) are

(1/m) Im{Z @ (p*) = — [af(p*—m?)/ 2p*](a—3) (p*+m?)
[ZO(p) I = 1+Fala—3)(1—m?/p?) In(1—p*/m?),

giving

(IT1.11)

(111.12)

i.e., precisely the expressions written down in Part II. 1. In the next order of the iteration, substitute (II1.12) on
the right-hand side (ITI1.10). This gives (1/7) ImE’® which in the limit of large p* equals®*

€

T

9p2+5q2> 1 <<z>2+q2>14p4+9z>2q2>]

1 o a [0 o 2 >2[ 1 /4
— Im O ($2) o —— —
T " #) 2pt /_pz ! <a(3-—-a) p* ln2p2\ P>

2a
= a#3.

pLa(3—a) In(p?/m) P’

Using the dispersion relation (II1.8), we get for
B0

(pr—m DB (57)

20
[a(3—a) T In(p?/m?)

Collecting all terms, this means that the “first-order”
correction to the full T' equals
Fa(l)(p>p’) l p’t=m?t2=0
(p+2")a (p—2")a
Ja(3—0) In(p?/m?)  a(3—a)* In(p*/m?)
As expected from the earlier discussion, the correction
term (for the full T') #,/1np?, behaves asymptotically in
the same way as the initial term T4=(p+p")./Inp? If
we insert £V'(p2) (ie., the full ') of Eq. (II1.15) into

(111.9), we obtain Z(p?) (and therefore T'4[AT) to the
next order:

(I11.14)

(IT1.13)

L o 2 M, 2 ]
B (P)Na@—s)m%pvme " (a—3)2d’

ie.,

RA D

D

# The part of the integrand which gives rise to infrared diverg-
ence difficulties has been discarded and the asymptotic behavior
of the logarithmic integral /3 dk?/Ink?=#*/In* has been used.

]_1, (IT1.16)

! P2q2 lnP2 lan q2 Pz_q2

(T11.13)

which has exactly the same form as (III.15) apart from
an effective change in coupling®® and this behavior will
persist in all higher orders.

B. The Photon Equations

Like the meson case, we first set down formal Hilbert-
Muskhelishvili solutions for the photon propagator and
vertex equations and then construct explicit expressions
for D and T by an iteration procedure where (as in
Part 1. 1) the iteration starts by assuming I'=T4[D].
Rewrite Eqs. (I1.56) and (I1.85) in the form:

1 atZ 4.’”’12 3/2
- Iz = ———(1-—)
T (tZ—MZ) 2

XO(#—4Am?) | Z;1(2) () |2, (1IL.17)
1
— Im (%) = tanb(s?) Red(?), (I11.18)
m
where from (I1.85),
0 8:k2)Z5 N (k2)dk?
tan@%a/ _ (T11.19)
12->0 ]€2_H2

—co

3 The fact that the change in coupling seems appreciable is not
to be taken too seriously. Thus our neglect of many-particie
contributions to (I11.9) and (II1.10) must be borne in mind as well
as the approximation used to derive (II1.10) which is only roughly
unitary. The only important point is that the high-energy behavior
remains stable.
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The boundary conditions are Z;(0)= 8(0)=1 while the
stability criterion specifies that (apart from logarithmic
factors) at worst &(#?) ~1 for large #2.

Now the Muskhelishvili solution of (II1.18) [in-
corporating 8(0)=1] gives

d
Aoy ] (TI1.20)

t2
8(t2)—exp[
(x— D)z
and (apart from logarithmic factors) this behaves at

infinity like3¢
App 2 — 211/ 10 (o)
RS [ J .
2

4m

(I11.21)

Since from (IT1.15) 6( )#£0, it is clear from a substi-
tution of (IT1.21) into (I1.37) that Z;=(1— S Gy)< =».
Also since §(#?) falls rapidly at infinity it is perfectly
possible to write an unsubtracted dispersion relation
for Zg(ﬁ),

= -2 "

provided « satisfies®” the boundary equation
o Am\"2 | 8(x) |
1=723(0)=- /(1———) dx. (111.23)
6. x x

'To see how the unsubtracted integral (I11.22) behaves,
consider the case u?=0 discussed in footnote 36. If
E~1/(12)172, (111.22) gives®® (apart from logarithmic
factors) Zz=1/t% i.e., the photon propagator D= con-
stant for large £2. Intrinsically there is nothing in the
discussion so far to preclude such behavior (the stability
criterion is still satisfied since Z; 12§~ 1); however (in
spite of the theoretical attractiveness of the eigenvalue
Eq. (IT1.23) and the possibility of determining the fine
structure constant 2z« from it), we do not feel warranted
to entertain an unsubtracted dispersion relation just
from a discussion based on the two-particle unitarity
approximation with one-photon exchange. Taking the
conservative attitude, i.e., that the dispersion integral

(II1.22)

3 From (II1.19) clearly 8(e)0. In order, however, that &(#%)
does not increase faster than a constant (the stability criterion),
the fine structure constant « must be restricted so that

o[ ELCGET,

k—u?
Tor pt=0, () =/2 so that this condition holds for all «>0 and
8@ = (/e

37 In order that Z3(#2) has no CDD zeroes, « has to lie within a
special range of values (see footnote 22). Just to avoid introducing
the unwanted CDD ambiguities, in (II1.24) we have written a
dispersion relation for Z;71(%).

38 Because of the gauge invariance of &(#*), & cannot depend
on the gauge varying quantity G but only on the gauge-independ-
ent function Gs.
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for Z3(#?) needs one subtraction, we write
a 4m2 3/2
1% (1)
6 X
|Z57 () () [*
X" ix, (IIL24)

x(x—12)
so that, apart from logarithmic factors, Z;7(#?) =1 just
like perturbation theory.

Like the case of the meson equations, one may now set
up an iterative scheme to solve (II1.20) and (II1.24).
One attractive scheme which is fairly close to perturba-
tion solution can be obtained by writing (I11.18) in
the form

1
—ImZ;(#) §(£2) = tan(6-+8) Re[Z;2(#) ()], (111.25)
i

where
ImZ;1(:%)
ReZs ()

Assuming that the fine structure constant (2ra) is small
so that tan(8+8)=~0, a first approximation to (I11.20)
which incorporates §(0)=Z3(0)=1 is given by3*

O 2,02 =1,
Substituting this on the right in (II1.24) we get
(/) Im[Z; () I = —[at?/6(8— 1) ]

anf=

X (1—dm2/2)3120(22— 4m?) ,
so that
at? dx 4m2\ 372
[Z3(0>(t2):|—1=1+~/ (1_____)
6 Jam2 x(t2—x) x
=[O, (I11.26)

The Z,(t2) thus obtained coincides with the usual pertur-
bation expression. The higher iterations (defined below),
however, differ. Thus if we write

1 af w2
— Im23(”+1)(t2)=—<1~——)
6

S £
XO(2—4m?)| §™(2)|2, (II1.27)
1 af(i2—4m?)
—Im & () =
T 2(t4_4m2t2)1/2
0
X / dk? Re 8™ (12) § (k) 257 (k2)
4m?_t®
(dm2— 12— 2k2) (2124 k2 —Am?)
,  (I11.28)
(4m2— ) k2

% 1In a sense this is equivalent to an expansion of the exponent
in
2 [ tan™! (0+B)
Z. (g 2) v
N
assuming that tan=1(#4-8) is proportional to a.
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with Z;®=Z,1, it is easy to see that explicitly in the
“next order,” for example,

1 af(2—4m?) 0
—IméOP)r——————— ak?
T 262(a/6) In(t2/m?) J_y
(#4282 (282-+ k2) 6
X
12k2 a In(k2/m?)
720082 —4m?)
e (J11.29)
a In2(12/m?)
ie.,
* 72dx 72
EW(12) ~ = . (I11.30)

am? o{x— %) In?(x/m?) o In(2/m2%)

This expression for §® (%) [i.e. I'*] is to be compared
with 890(#2) (i.e. T4)=~6/a In(#*/m?). The magnitude of
the “correction” gives an idea of the “effective expan-
sion parameter.” So far as the behavior at infinity is
concerned this is

gmt_ gt
lim
12>00

g
(14(0/72) In?)— (14 (e/6) In*) 11

(14 (a/6) In?) 12

with 89 and W given by (I111.26) and (IT1.30), re-
spectively. The important remark is not the size of this
“expansion parameter’”’; what we wish to stress re-
peatedly is that our major concern in this paper is with
the high-energy behavior, and a consistent and stable
behavior is being provided by our iteration procedure
which starts with T'=T4[A,D] (i.e:, EW = 7,000,

C. Summary
To summarize the work of this section:

(1) We have shown that Z=limpz.. Z($?) =0 for all
>0, a5%3 in the two-particle unitarity approximation.

(2) We have obtained two solutions for the photon
equations; one of these corresponds to the usual pertur-
bation solution with one subtraction, the other is a new
solution and exists only for special values of &, provided
a no subtraction dispersion relation is assumed to hold.
In this paper we do not wish to choose between the
alternative solutions.

(3) For either case a good first approximation to T
is provided by

r4=[A"(p)— A7) ]/ (p*—1")
XL+ a—das@(p+p (6@ —1)]. (II1.31)

This expression has the merit that the two-particle
photon (propagator as well as vertex) equations are
exactly and identically solved for T'=T4, This is not true
for the corresponding meson equations, but a simple

SALAM AND R. DELBOURGO

iteration scheme can be set up which starting with I'4,
computes the full I' out in successive stages. A con-
venient lowest iterate for A(® is given by

AO(p)= (p—m?)
X [1+-3a(e—3)(1—m?/p2) In(1—p2/m?)]  (I11.12)

and the corresponding iterate for §@(#?) (for the case
when we allow one subtraction constant) is given by

Eg(o) (p)]—l = [Za (0)@2)]—1

al? 0 dz A2 3/2
=i+— (1——) . (II1.26)
6 Jumzx(i2—x) %

This I'4 has the property that when any pair of particles
is placed on the mass shell its asymptotic behavior in
the unphysical momentum k(=p, p’ or ¢) is

TTA®, DO (p4-p') o/ Ink2— (p— p')o/8 Ink? (T11.32)

with constants v and 8 proportional to the fine structure
constant 2rra. This characteristic behavior s always re-
tained in every subsequent ileration where A© and D®
are replaced by A™ and D). This same behavior is
exhibited by any iteration to the full T' (on the two-
particle mass shell)—i.e., I'’Z behaves in the same manner
as I'4 for Jarge values of the momenta.

2. VECTOR ELECTRODYNAMICS
A. Alternative Solutions

The power of the stability criterion in specifying ac-
ceptable high energy behavior of A, T' and D is first
really exhibited in the conventionally unrenormalizable
theory of vector electrodynamics. A full discussion was
given in I; we summarize the conclusions.

The Dyson equations for A are

2

— 14 d- K.,
P2 " >+%Tr(—(——)>, (I11.33)

p —m? P2_m2

zl<p2>=z(

Zs(p?) = Zmo*+Tr(e- tK,) . (I11.34)

Since by definition#

Z=lim Zy(p?) and Zme=lim Zy(p?), (II1.35)
p2->00 p2on

the second terms on the right of (I11.33) and (I11.34)
must approach zero. Now a sufficient condition for
I4A=1/k to hold [with T'4 for example defined in

* Dyson defined Z and Zmg® differently from (IT1.35), viz., as
boundary values of A (and its derivative) at p*=m2 The equiva-
lence of the two definitions when these constants are finite was
shown in Paper I (footnote 6). In so far as Z is the boundary
value of A7, the renormalized Dyson equation, rewritten as

A" = (limA™) A f TATDA- - -

is clearly for from being just a simple integral equation of a
conventional type.
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(I1.28)] is given by [see paper I, (2.21)]

lm PGS, (IL36)
There are two distinct possibilities:—[ A7) Either Zm?
is finite and (I11.33) solves with the boundary behavior
Zi(p)=1/p* (le., Z=0 automatically), or [B] Z5<0,
but Zy(p2) =~ p2. For this case the equations (I11.33) and
(I11.34) must be carefully interpreted and mq? maust be
wntrinsically quadratically infinite. For case [A7], we
expect therefore A=~Ap=~1, I'd~1/p. For case [B],
A=1/p% T4=p.

These two will be called ke vector and the scalar alter-
nalives, respectively.*! The two alternatives are differenti-
ated by the number and character of subtraction
constants.

In Secs. B-E we assume mg*< o and investigate in
detail the “vector alternative” turning briefly to the
“scalar alternative’” in Appendix III. It appears that
the “vector alternative” gives results similar to lowest
order perturbation theory for the propagator A though
not for I'. The “scalar alternative” (m¢*= ) if it exisis
has no correspondence with the perturbation solution
for Aor I'.

B. Construction of T4

Using Muskhelishvili methods we may (as for the
case of scalar-electrodynamics) seek to find (formal)
solutions for the set of equations for A, T', and D, and
thereby verify that

T=1/(ap+bp’), D=1/82,
Zi(p)=1/p*, Za(p?)=1.

Alternatively, we may use the simpler procedure of Part
1. 1B; i.e., choose I'4 which satisfies T4~1/(ap-+bp")
and check from Eqs. (I1.62-11.64) that Z,, Z,, and D as
well as T2 (on two-particle mass shell) do exhibit the
behavior (111.37).

On account of the complexity of the equations for
vector electrodynamics we use here the simpler pro-
cedure of Part I. 1B. The required acceptable form for
T4[A,D7] will be constructed in stages, first by consider-
ing the photon equations and then the meson equations.
For the photon case we explicitly solve both the propa-
gator and the vertex-function equations, and directly
verify T'B/T4~1 on the two-meson mass shell. For the
meson case, only the propagator equation is solved
explicitly, reliance being placed on a dimensional argu-
ment for the assertion I'3/T'4~1 (on the meson-photon
mass shell).

(I11.37)

C. The Photon Equations

Since the spectral function is gauge-independent and
positive definite,?® one can use Lehmann’s theorem

4 The “scalar” alternative is the one conjectured for the full
propagator A by T. D. Lee and C. N. Yang. [ Phys. Rev. 128, 885
(1962) ] and arises after a summation of perturbation graphs.
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directly. This states
Zig2)=D‘1(t2)/12=0(1), (IT1.38)

tiosw

implying from (I1.62) that 28(s2), 2MM(12) and #9(:2)
behave in the like manner at infinity.42

The stability criterion (on the mass shell p2= p"2=m2)
however gives relations like 8(12)Z51/2(2)~1/¢2. Thus
for consistency one needs

Gs(®)~ 8y~ M) ~1/2, 9()~1/t4 (II1.39)

for large #2.
Rewrite now Egs. (I1.62) and (11.97) in the form

ImZi '~ —a[#4| Z;718|2— 214 Re(Z516)
X(Z 1) *+ 14| Zyton |24« - -] (111.40)

Im(Z;;—‘ 6) = tan91 Re(Z;{_l 8)

+tanf, Re(Z;19M)+ .- - (II1.41)
Im(Z1910)=tanf; Re(Z:18)
~+tanfy Re(Z; o)+ - - (111.42)

with a similar equation for Z;19. Here tané’s are com-
plicated functionals of Z3, &, @ and 9. Just to examine
the structure of these equations, consider (I11.38) and
(II1.39) only. If 9T and 9 are treated as unknown func-
tions, Eq. (I11.40) has the inhomogeneous Muskhelishvili
form

Im(Z;718)=tand Re(Z;18)+U(#2).

According to Muskhelishvili results, the (homogeneous)
equation possesses a solution vanishing at infinity like
1/#2 if and only if the phase change [§; |_,*==. This
(and the analogous conditions for duy, etc.) then are the
(gauge-independent) restrictions on the possible values
of the constants of the theory like « and the observed
magnetic moment K, and are the restrictions mentioned
in the introduction of this paper.

This condition and its implications in terms of
Castillejo, Dalitz, and Dyson (CDD) poles and bound-
states (Levinson’s theorem) will be discussed in a
separate paper. Assuming, however, the behavior
(II1.39) we may approximate I'=T4 or equivalently
8= 84[Z;] as follows: Define*?

, (111.43)
l—x

84T 2] = AZ() /
¢

4 More precisely, from footnote (26) one infers that it is &(#),

@129 () and x (1% which must possess the stipulated behavior.

An examination of the form of x(##), however, shows that unless

there are cancellations between £9, 9 and &, in general the re-

striction must obtain as stated in the text.
4 One can rewrite (II1.43) in the form

Z(O1—-Z,() ]

SLEI=""0700)
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and take as first approximation:

E=84[Z;], M=IMA[Z;]=KEA(1),
9=94=0, (111.44)
where A is the normalization constant [— /' Gs/xdx]

specified to ensure (0)=1. Using I'=T4 from (I11.44),
Eq. (I1.62) reduces to the form

1 « 4>\ 372
~ImZ Y (12) = — <1-—4)
T 24mi14 12

X [(t4— 4m22+12m*) — 2K12(12— 2m?) + K22(2+4m?) |
X 1= Z4(12) | 28(2— 4m?) (£ (0))*.  (I1L.45)

If K=1 (normal perturbation theory has such a mag-
netic moment) we notice that the bracketed expression
in (IT1.40) has a less singular behavior at large 2 than
for any other K. For reasons stressed further when we
consider the meson equation, we wish to allow for a
general value of K. In that case, a solution of (I11.40)
(exact in the asymptotic limit) can be constructed by
first neglecting Z; on the right side and solving for a
constant Z;'(0). This gives [allowing for one subtraction
constant Z;(0)=1],

af o dey AmA\P2
Zi (1) =1—— —(1—74)

24m* J gmr x3 x

[(x2—4m2x—+12m*) — 2Kx(x— 2m?) + K2x(x+-4m?) |
X
(Z5(0))*(x—1)
a 12
_———In—-.
2Umi(Z/(0))  dm?

To obtain Z3'(0) in (II1.46) all we need to do is solve
the equation which it provides for itself, viz.,

@ © dig Amt\M
2 (0) =24 (0) = —— ——— f _(1_¥>
24m*( 25/ (0))2 J gz x4 x

X [(x2—4dmPx+12m*) — 2kx(x— 2m?) -+ k2x(x+4m?) .
(ITL.47)

(111.46)

Clearly, 8(t%) ~m?/a?/%2 Ins2. The eletcric and magnetic
form factors for spin-one electrodynamics for the case
K1 (more precisely lim,, [ 8(2)/9M(2)]=1) are
therefore highly convergent quantities. The solution
(I11.46) was obtained by neglecting Z3 on the right of
(I11.45). The form of (II1.46) shows that this neglect
was perfectly justified if we want to get the asymptotic
behavior. To solve (II1.45) exactly, substitute (I11.46)
for Z, on the right and iterate.*

4 To all intents and purposes we can regard Eq. (I11.46) as
the exact initial Z3, since all boundary conditions are incorporated
in its integral representation. The point is that it will be subject
to corrections from further iterations specified in (IT1.48) in any
case.
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So far we have not considered (I1.97) for the full
vertex function. We first verify that if the approxima-
tions 8=84[Z;], M=9M4[Z;] with Z; given by
(I11.46) are substituted on the right side of (I1.97), the
full & behaves similarly to 84 Z;]. Explicitly, a lengthy
calculation gives

1
—Imé(2) ~
T 32mAs

XRe8(#?) - (1*4-2k)(1*+%)
X[ —414(k2+202)+ 8kA(12+ R K4 215K 2]
mt /0 kSdk? m?

@310 J_p2Inf Ink?  232(In2)?

0
/ dk:Z (k%) & (k%)
—1?

(IT1.48)

This has exactly the same behavior as Im &4(#2). Like-
wise we have computed Im9(22) and Im 9(#2) and have
shown that the form factors tend to zero in the expected
manner, i.e., 1/£2(Inf2)? and 1/#4(In#2)2. These were some
of the most lengthy and arduous calculations of this
paper and the verification of the stated results was a
consequence of a number of cancellations which could
not have been foreseen when the calculations were
first set up.

To obtain Re§, RedN, and Re?, one can write down
dispersion relations. On account of the rapid convergence
of § M, and 9, dispersion relations for these quantities
need no subtractions. If this is the case, the three

conditions
1 1 Imé(x)
E0)=1=—— / - dx (I11.49)
T x
1 7 Im(x)
MO0)=K=—- / ——dx, (I11.50)
T x
/ Im9(x)dx=0 (I11.51)

[the last necessary in order that 9(¢%) satisfies the
stability criterion and exhibits at infinity the behavior
1/1%7], determine three equations for the three unknowns
a, K and the (physical) quadrupole moment g, intro-
duced through the definition [see (I1.55)]

2q_ I/ImQ(x)dx

X

+1-K.
m? T
Conditions (I11.44)—(I11.46) are the analogs (for our

iteration solution) of the exact Muskhelishvili restric-
tions mentioned earlier on the phase change like

[6(&8) ] =
D. The Meson Propagator and the
Final Form of T'4

We follow the procedure of Part III. 2C and examine
first Egs. (I1.63) and (T1.65) for indications of high-
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energy behavior of A and the full T'. Unlike the photon
case the spectral functions G; and G, are not positive
definite except in the radiation gauge. Thus we cannot
use the stronger form of Lehmann’s theorem. However,
the equations have the form

ImZ ' =a[ p>+terms involving Z11E, Z17'M, etc.],
ImZs'=~al 1+terms involving Z,~'2Z;, Z;1F, etc.]

so that barring a cancellation of the leading terms within
the brackets [ 7, one may expect Zi=1/p?% Zy=~1.In
more detail if we consider (I1.63) and (11.64) as they
stand and impose the requirements of ke vector allerna-
tive (see Part II1. 2A), S'Gidx< e and fGudx<» (7
and Zm? finite), we would need

LimEmMmp B = pN =p Q' =1/p?, Zo=1,

IwauvA[A)D] = [—guv(P+P/) b"‘K(gb#tv_ glwt#)]

= gor-bdas()(1— é’A(zz»J[H /

SCALAR AND VECTOR MESONS. I1I
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or equivalently A~1 and I'=~1/(ap+Bp’). With these
boundary conditions, we are in a position to specify a
form for T“[A,D7]. The tentative form suggested in
Eq. (I1.28) satisfies Ward’s identity but behaves un-
acceptably like ¢/p—+5/p’. 1t also has no functional de-
pendence on the photon propagator D. Both these
shortcomings are simultaneously removed provided we
replace in (I1.28) the factor

(P2 ogw by Lgu(pt+2)o— K(gouts—gunts]
X [gap+das()(1— 8A(12)) ]
gau bY [gautda (H(1— E4(2)) ]
Zov bY [gotda()(1— E4B))]

and

Pupy (pF1")a by pupy (P 1) e[ garHdan()(A— E4()) .

Writing out in full, we propose to choose*®

(x-mZ)QGl(x)dx:I
x—p)(x—p")

x)dx dx
S+ pulgaHda (D= EAE)] / O gt a1~ 64()] / G
x—p? x— p'2
G(x)dx
Fpup (D 2" ) sl gartdan(D)(1— EA(12)) ] / W . (I11.52)
x—p?)(x—
With this T4, the meson equations reduce exactly to the form g
1 af(s—m?
~Imzr(s) :—i——m—)(wmi’)[sa(wmau 25 m?)?— 3(s* 10m2s+-m)+2(s—m2) (K +KD)], (I11.53)
T m2s?
1 als—m?)0(s—m?)
~ImZ,(s) :———8— [3amA(s+m?)| Zo(s) | 2—3(s—3m?) | F1(s)|2
T mis?
. —(5/4) (s —m®)2(s+m?) | Fols)|2—2(s —m?)(2s+m?2) ReF *(s)Fa(s)], (111.54)
where
Fi(s)=—3(s—m*) (2~ K)Z:(s)—m?Zs(s), Fa(s)=(Q2—K)Z:(s). (IIL.35)

Whereas Eq. (IT1.53) is immediately soluble, the same is not true for (II1.54) except in the special circumstance
K =2, corresponding to the fully symmetric Salam-Ward-Glashow electrodynamics.*® For simplicity of solution
we might fix on K=2 to determine I'4, other possible values being treated as a perturbation. For K=2, Eqs.
(I11.53) and (I11.54) reduce to the form

1 a(s+m?)

—ImZ~Ys)= mﬁ(s— m?)[3(a—1)(s+m?)2—2(s2+10m2s+m*)+12(s —m?2)%], (I11.56)
T mis

1 3afs—m?)

—ImZ,Y(s)= ——-—8-2—~0(s—m2) [a(s+m*)—(s—3m2)]. (111.57)

Since ImZ~1(s)=s, the dispersion representations for A will involve one exira sublraction constant other than

45 Here we define more properly
. B—p) [ Gs(x)
SO = tim AZO) T | G
where the limit 42 — 0 is taken at the end of a calculation. This ensures that E'=N'=Q'=0in (IL.71) and (11.72) for the starting
approximation I'=T4.
16 A, Salam and J. C. Ward. Nuovo Cimento 11, 568 (1959); S. Glashow, Nuc. Phys. 10, 107 (1959).
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Z{m*)=1. This will be taken as Z(0)=Z(0)=Z5(0).4 The fact that this subtraction is needed is another statement
of the boundary condition Z,(p?)~1/p?, i.e., Z=0 for all a>0. The equations (II1.56) and (III.57) possess the

following solutions*®:
1—Z27Y0) s/“" Ile—l(x)dx:|

Zl—l(s)=1+(5—m2)[ o’ —; 2 x(x—m?)(s—1x)

m

s—ma rdx "r‘ 2
S / (0 1)(a+-m)-+ (1033409

[1—240)]
=1+ (s—m?)
m? 24m? (s—x
s a(3a+T7)s S
~—[1-Z270)}—— ln<—> , (I11.58)
m? 24m? m?

and
s ImZ; Y (x)dx
zr=zi0)—= [ I

7w als—x)

m

3a © do(x—m?
! / T ety — (o]

= 7-1(0)+
© 8 : x¥{s—ux)

m

(II1.59)

Surprisingly, Zmo?=1im,_. Zs(s) is also zero for this particular approximation (Z=0, a>0).
To treat the case of arbitrary K is not difficult. With the soluticns (I11.58) and (II1.59) as the basic solutions

a simple subsidiary iteration of (I11.53) and (I1I.54) can readily be set up. We shall not write down the resulting
expressions. With Z;(p?) and Z.($?) known, I'4 can now be explicitly written down as below.
E. Summary

To summarize, vector electrodynamics is a finite theory, provided the following insertions are made in vertices
and lines of irreducible diagrams for all Green’s functions other than T, A, and D. This is because T, A, and D

satisfy (IT1.37).

U= T4=[—gu(p+2") s 2(gouts— govt) W gart-dan()(1— 8(12)]
(p2—m®) Z1(p*)— (p"2—m?) Z1(p'?) A
Gl S’ S M/(pﬂ’)b[gab+dab<f>(1*5(‘2»]"”1;_2_;%2

P2_ P'Z
+oul gt dan (1= () J6(p*)+ 10 [gantdan()(1— E(2))J3(p"*)  (I11.60)
(111.61)

A (P)=—gwZi(p*)(p*—m®)+ pups3(p?)
Doy (8) = das ()P Z5(12) — tuts/ a. (I11.62)

A convenient first choice for Z1, Zs, Z3, and & is as follows:
312 (524 20m2x+12m*)
(111.63)

at? *® dx 4m?
—{1—— _
/4 ( > (Z:(0))*(x—12)

24m* J g2 &3 x

Zi (@) =1-
(I11.64)

Z([1—2Z5(0)]
sP)=———=
127, (0)

41 If the renormalization constants possess a correspondence with the constants in a Lagrangian, a term £((04,%/9x,) (84,~/9x,)) in
Ly would get renormalized to £'((84 ,*/9x,) (04, /0x,)) where &' =£+Z,'(0). Terms of this type however are not gauge-independent.

In conventional formulation of the theory, L, contains only terms /7, " Fy,~+M P4, 4~ (ie., £=0) so that one may require & =0. i.e,

b

Zy'(0) = S [Ga{x)/x]dx=0. This requirement might be used to compute Z;(0).
48 In writing (II1.58) we have neglected the part of the integrand, proportional to (¢—3) characteristically, which gives rise to an

infrared divergence.
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(P —m1—270)] ap*(p’—m?)
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(I11.65)

2o =14
m? 24m?

30‘?2 o0
pza<p2>=(p?—m2>zl<p2>+m2[z—l<0>+ . / ax

> (x+m?)
/ d [3(a—1)(x+3m2)+10x—34m?],

m[(d— 1)x—+— (a+ 3)m2]] .

X
*3(p?—x)

G m’) (I1L.66)

To complete this set we also write down C44 (computed from T4 of Eq. (IT1.60) as in the scalar case),

CA4(p,p's kR

[_gw(x_mz)ZGl(x)"*"?upvlg(x)]dx

= Z[g‘lﬂgb"_l_gbpgav— Zgabgy»]‘*“/ [
x—

Naoo(p,p's kR 5 )

P La—(p+k)* JLa—p" JLo—(p'— k)]

Ravw(pp'; kol %) G(w)dx
(I11.67)

+K/ Vab}"‘(?ap/; k)k,; x)(x"_mz)?Gl(x)dx
[x—

P = () I La—p w— (' k)] / [o—p? e — (p+R)2ILw—p " Wx— (o —B)*]

where K is the total magnetic moment, N.; is defined by Eq. (I1.93), and G;, G are the spectral functions of the

meson propagator introduced in Egs. (I1.20) and (I1.24),

Varu(Psp'; BoR'5 %) = [ garku— gauks JL (22— p2— p"2) (p+p ) o +ko(p"2— p?) ]

+[gouks' — gk JL(2x—p2— p") (p+p")a bk (P> — )],

and

(I11.68)

Raow(p,p's kok'; 2) = (6= p*) (2= p" ) gaug ol 2— (' =) ] gunguulw— (p+-£)*1}
FLO+ 2+ E ) apugone— )+ (o' ko gan(wo— %) JLa— (p'— k)7 ]

Lo+t =k )ap) (2= p?)+(pFp' = R)opuga(a— ") La—(p+F)].

These expressions provide a first (stable) approximation
and essentially solve in a good approximation the two-
particle unitarity equations. These can be improved
upon, within the two-particle unitarity system of equa-
tions and also by incorporating higher particle states.
Any improvement means a recomputation of A, T', and
D by the methods described in Part IIL. 2 and is a
major undertaking. It is, however, a perfectly feasible
undertaking. The “stability” of the starting approximation,
however, will guarantee that any tmprovements will not alter
high-energy behavior. This is an important point. The
general procedure for computing these improvements
has been described already in Parts I. 1, I11. 1, and TI1.2.
It will be summarized in a practical form again in
Part IV, where also we discuss how good an approxima-
tion to the full theory is obtained by just the ansatz
of using (I11.60)-(111.66).

3. THE DYSON-SCHWINGER EQUATIONS AND
THE UNITARITY SOLUTIONS
Just to make doubly sure, we go finally back to the
Dyson set for the basic Green’s functions. We saw that
the unitarity equations for A and T in Parts III. 1 and
II1. 2 were relatively easy to solve. The corresponding
Dyson equations are much more complicated; also, as
mentioned earlier, any truncation of these results in
equations which do not possess even approximate uni-

(ITL.69)

tarity. Rather than solve these equations @b initio, we
show in this section that the high-energy behavior ex-
hibited by the unitarity solutions is consistent with the
corresponding Dyson set. This will ease our conscience.
In the equation

I'=ZT+-K[T,A,D] (1.10)

approximate to K by the gauge-covariant expression
K=[TATAT+TACH+CATID,  (IIL70)

where C is the proper Compton graph. The choice of K
is the closest in Dyson-Schwinger terms to two-particle
unitarity. Since

foK o= —

o [ T p =Tk, PP

—T(p', o' =)A= k)T (p'—k, p)D(&) ],

we obtain the following equation for A=*:

(I11.71)

162

ALY =ZA0‘1( )—
(») b 20

X/d%r(p,p—k)A(p—k)F(p—k, p)D(k). (I11.72)



B 1422 A

A. Scalar Electrodynamics
Writing

La(p,p) = (p+1"a

X[gavd (") —das() B 0", ], (11L73)

where

A (p)—A7Hp)
A(p? pt) =,
pZ__P 2

Eq. (I11.72) reduces, when p is time-like, to the form

(I11.74)

162
54 = 2078 ——— [ dydzplap)Al)
Ax(2m) J
Z3—1(Z) @2(3‘6;3”2)
X( 45+ Bs 9y -
g—p 2
w? Ay) (-3)°
- yET > (IIL.75)
Zauo? z—ap? z
Here
oM x,y,5) = a?+ygt— 2wy — 2yz— 2z, (II1.76)
with
r=p?, y=(p—£k)* and z=k%. (IIL77)

u? is the photon mass and a specifies the gauge.
Using now the iteration procedure described in Part
III. 1 starting the approximation as in Eq. (IT1.9) with

Eq. (I11.75) reduces in the Fermi gauge (e=1) to
1%
4x(27)?
AT @) —Aa Ny 1
al ]
s—ult1e

. o wy,z)

X [ZS_](Z/

A1) = ZA ) / dydso(,y,9A0)

x—y
(x—y)*

3 Zsg® @

] . (IIL.78)

To recover second-order perturbation theory, make the
usual approximations on the right-hand side

A=)

Zy=1, @=p?,
vy
This gives
e
AT x)=ZA; x)— /dydz
4a(27)?

o(x,y,2)(z—2x—2y)
(z—p2tie) (y—m?H-1e) ‘

(T11.79)
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For u?=0 this verifies the well-known result

o
~ImA~(x) = ——(s2—m?).
kis X

(111.80)

More generally, neglecting the radiative corrections to
the photon line in (IT1.79) (these give rise to inessential
complications), the equation reduces to the form

2A Y x)=xZ A1 (x)

+ / dyK (x,3) A(y)[A~1 (&) — A1 (y) 2, (II1.81)

where*

K ()~ (ax*+Bry+ay’)/(x—y)?  (I1182)

for large x and y. As in the conventional Dyson treat-
ment, we shall make two subtractions before considering
the convergence of (I11.81). This is achieved by using
the boundary conditions

AA(x)

A m?) =0, ——| =1, (ITL83)

2

X oy

which finally give for A~!

A () = Z[ A5 (%) — Ag(m?) — (v—m?) (0A¢7"/9%) | m ]

(e m?)? / () Al)

XA (x)— A" (y) ], (111.84)
with
2K
gy~ ZEED (TI1.85)
x  9x? 2(x—y)?
Clearly,
1 ImA-i(x) dy
— ImA 3 (x)~x
™ (x—y)*
X{ImA(y) {Re?[ A~ (%) — A7X(y) ]
—Im?[A7 (%) — A7 (y) ]}
+2 ReA(y) Re[A-1(x) ~ A-1(3)]
XIm[ A~ x)— A1 (y)]}. (I11.86)

Inserting on the right of (I11.86) the unitarity asymp-
totic values
—(1/7) ImA(x) = §(x—m2)+(A/x)
ImA~(x)~x/4 In2x
A(x) = (4 Inx/x) =~ ReA(x),

(111.87)

@ This result remains the same even if the complete photon
propagator is included in (IT1.81), assuming for Z;71(z) the uni-
tarity behavior In(z/m?).
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and using the following results®

° d C(n
/ YL s
o (x=y)Inmy  (nx)*?
and
© d C(n)(n—1)
/ LA . allm, (I11.89)
o (@—y)?lnmy x(Inx)»

we check that integrals appearing in (111.86), integrals

like
/ dy [ x Y T
y(x—y)2Llnx Iny ’
are precisely of order 1/In2x. This verifies that for large
a we do indeed recover back the unitarity solution
ImA~1(x) = x/A’ In%. This argument does no more than
verify asymptotic self-consistency; it is impossible of

course to make any statement about matching of 4’
with 4 in (II1.87) without fully solving (II1.78).5

B. Vector Electrodynamics

The Dyson equations for the longitudinal and trans-
verse parts of the meson propagator are much more
complicated than in the scalar case but can still be
written in the form

A (x) ~ / dydzK (ry2)[ A1 (x) — A= (y)]

XAy[Aa™(x)— A (y) ]+ ZeAgH(x),
v=pt, y=(p—k)?, z=Fk.

(111.90)

To show that the asymptotic solutions of (IT1.90) are
correctly described by the unitarity solutions of Part
III. 2 we shall concentrate on the transverse part of A.
Equation (I11.90) may then be reduced to the form

a(e—m?)Z1(x)

~ / Ay (3o ) Z2()— (y— m2) Z3(3) T

X{y—m®Zi(yy. (II1.91)

The kernel K(x,y) arise from quantities like

Trld(p)e(p’)]

% For proof of (1I1.88) see Appendix D, G. Frye and R. L.
Warnock, Phys. Rev. 130, 478 (1963). We are indebted to Dr. V.
Barger for pointing out this reference. The relation (II1.89) may
gengta{ined by differentiating both sides of (IT1.88). Note that

(2)=1.

ot It has not been shown here but we have checked that itera-
tions of (TI1.78) (or indeed of the unitarity equations using the
unitarity solutions), do lead to complicated transcendental func-
tions of the coupling constant with an essential singularity at a=0.
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and it has the form
(ax?+Bry+yy?) (@ 2+ wy+v'y?) /2y (x—)*

for large values of x and y.
If we substitute the unitarity solutions of Part II,I.2
viz.,

1
——ImZ Y x) =~ [ 8(x—m2)+ A [ (x—m?)

T
1 (111.92)
—ImZ(x)(x—m2)~(1/4) In’x
T

(x—m?) Z1(x) =~ Re(x—m?) Z1(x) = A Inx
in the right-hand side of (I11.91) and make just two

subtractions: Z;(m?)=0, Z,(m?)=1, we obtain an
integral of the type

X yidy
L nZy() ~ / [ Z () Za () — 322 ()"
™ (x—y)z
d
~ f T InZa(y) ReaZa(e)—yZa()),
(x—y)*

typically
ydy

i)

(x—y)2Llnx lny

which does not converge. This means that an extra sub-
traction constant Z(0) is needed, exactly as we en-

countered in the unitarity equations. Making use of
(I11.91) and (II1.92) we recover, as expected:

7_1r i / | (xiyy)g(i;—i:;>2

1

~

x In2x

Part 1V
SUMMARY AND CONCLUSIONS

In Part IT1. 2 we have set down the general form for
T4[A,D7]. (The actual expressions were not merely
functionals of A and D but also of the form factors &;
this was done in order to let I'4 approximate as closely
as possible to the full I'.) We have also written down a
convenient first choice for A and D consistent with and
solving the two-particle unitarity approximation. The
claim is that if we draw irreducible diagrams for any
other S-matrix element and insert T'4, A, and D from
(I11.60)—(I11.66) for the vertices and the lines, no in-
finities will ever appear in the theory. Our discussion,
however, is still inadequate in two vital directions:
(A) How to improve the approximation scheme; (B) the
inclusion of C parts and the gauge covariance of result-
ing S-matrix elements.
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A. Improvement of the Approximation Scheme

In principle this problem is completely solved once
the general form of T4[A,D] is fixed. Given this form,
one determines A, D, and the full T by solving the Dyson
equations to any desired approximation as fully described
i Part 1. 1B.

In practice, we did not solve these equations; we
found it more convenient to use the two-particle uni-
tarity equations to construct explicit expressions for A
and D. The practical problem of improving the approxi-
mation scheme is thus different from the problem in
principle. First let us take the practical problem and
indicate how to improve the unitarity approximation.

(1) Fix the form of T'4[A,D7] (satisfying the Ward-
Takahashi identity with the requisite boundary prop-
erties and approximating as closely as possible to the full
two-particle unitarity T'). Compute, as in the text, A4
and D4 from the relevant two-particle unitarity equa-
tions [ this involvesonly (0| ¢|1)=4§, and (0] ¢|2)=T4].

(2) Write down the Dyson expressions for all other
Green’s functions M[A,T,D] and substitute I'=T4,
A=A4, D=DA4 to get MA[A4,T4,D4] and therefore
0] ¢]3), (0] ¢]4).

(3) Use (0| ¢!3), etc., to recompute A4, D4, with
three-particle and higher contributions taken into ac-
count. This gives the new I'4[A4 D47 and the corre-
sponding improved expressions for M4,

The scheme above is a consistent approximation to
the full field theory; it is approximale to the exten! that
I'=T4. The next problem is to compute a better ap-
proximation to T' and then carry through the steps
(1)-(3) once again. If we possessed a spectral repre-
sentation for I'8 (for all three particles off the mass shell)
analogous to the general spectral representation for A,
one need only modify rules (1)-(3) above in an obvious
manner. Unfortunately, no such representation exists.%
We are forced therefore to fall back on the Dyson equa-
tions for A, T, and D. Here then is a practical prescrip-
tion for using A4, D4, I'4 computed above to provide a
starting point for solving the Dyson equations.

(4) Suppose step 1 (i.e., two-particle unitarity) has
been carried through and A4, D4, T'4 are known. The
corresponding approximate Dyson equations (see Sec.
II1. 3) are

Im(A“):ImI:ZAo—l—l— / I‘AI‘D]zIm / TATD (IV.1)

P=I‘A+X|:/I‘AI‘AI‘D—}-/CAI‘D—I—/I‘ACD] (Iv.2)

provided I'4 depends only on A (and not D).

52 Tn the authors’ opinion there is no problem in field theory more
pressing than an integral representation for the full three-point
function such that (like the representation for the two-point
function) the connection of the kernel through unitarity with
higher Green’s functions is manifest.
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Rewrite (1) as

ImA—'=TIm(A~")4+Tm [ (PATD—T45,T4%5,) (IV.3)

and solve (2) and (3) by iterations which start with
I=T4, A= A4, We now possess the full A (and similarly
D). Further terms can obviously be introduced on the
right-hand side of (1) and (2) and procedures similar to
the above carried through to any desired stage.

In practice, it is hardly likely that step (4) will ever
be carried out and the real possibility of improvement
in computing I beyond the approximation T'4 will come
when a proper dispersion formula for T is discovered.

One merit of our formalism is perhaps worth stressing;
the causality of this formalism in a Feynman sense is
fully manifest. Every S-matrix element can be written
in the form

d*k
/...dxdydz...G(x)G(y)/..-(kz_x)[(P_k)Q_y]-._

This is true whether we use I'==T4 or the full T obtained
by iterating (2).

B. C Parts

The C-part contribution has a dual role; first, what
we called the C44 and C45 parts in Part II. 3 are neces-
sary to preserve gauge covariance; second the intrinsic
CPBE parts are basic insertions, in fact as basic as the
vertex or self-energy insertions. So far as the problem
of CZ8 contributions is concerned, we need to write a
fourth Dyson-Schwinger equation. Gauge covariance of
the theory, however, needs only the inclusion of 44
and CA% contributions. In this sense the shortcoming of
the present paper in not considering C58 terms is not
terribly serious. The problem of the computation of C44
and C4B contributions was solved in Part II. 3 for scalar
electrodynamics and for C44 terms in vector electro-
dynamics in Part III. 2. In a separate paper we propose
to return to the computation of the CB® contributions.
The procedure of choice is to use 8 formalism instead of
the wave-formalism of this paper. In this case there are
no C-part insertions at all though of course the number
of form-factors are I' (as well as A) is considerably in-
creased. To anticipate the results, no difficulties appear
so far as the problem of convergence of the integrals in
the theory is concerned. In this subsequent paper will
also be treated more fully the gauge covariance of the
formalism which demands a definition of an (#-photon)
CA44---4 part analogous to the C44 part above and its
addition to higher matrix elements.

The methods of this paper apply for all theories where
a gauge transformation (partial or exact) exists. By
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APPENDIX I: PHASE SPACE INTEGRALS

We will present here a collection of relevant phase-space integrals for easy reference. Some overlap with equations
in the text is unavoidable. The self-energy integrals are

™
/54—@2 = )8y [(p—1)*—m? Jd"t= “2;;9’9(?2,7”2,#2) = ‘2“;0[1)2 (b p) (P2 —mP—p?)t— w2 1. (A1)

In the special case when p— m

T 4m?

1/2
/ 8 (p2—mD)o [ (p—1)—m2]d*p= 2(1—72«) 6(r2—4m?). (A2)

As for the vertex integrals,

/ Bf B a)BL( — — w Is L g — ] =

w0 4 2,_( + )2 (m2—p2)2/p2
e / agf(p%¢*)  (A3)

2L (p2—m2— )2 —Am2u2 V2 S gmrpnurpe

and
4 2 2 / 2 2 2 b2 7"002‘“‘4”’12) ’ d 2 2k2 A4:
[ =L R TR [ awrea (A9)
in the limit as u — .
APPENDIX II: LIST OF TRACES USED IN EQ. (11.96)

In the evaluation of the spectral function of the photon propagator and the vertex function with the photon
unphysical, we encounter a host of terms which involve traces of momenta and d and e projections. I;—Is4 give
definitions of symbols used in (11.96).

Li=kd(p)p’ =kd(p")p = —k*?/4m*
Ly=p'd(p)p’ =pd(p")p = — (1 —2/4m?)
I=kd(p—R)k =kd(p'—k)k = — (1 —k2/4m?)
T=kd(p—E)p =kd(p'—E)p = — k(1 — 2/ 4m?— 12/ 4m?)
Is=Trd(p)d(p" =Trd(p—k)d(p’ k) = (14/4m*—1*/m*+3)
Ts=kd(p)d(p)E =kd(p—k)d(p'—~R)k

I;=kd(p)d(p")p =kd(p")d(p)p’

Is=kd(p—k)d(p'—k)p =kd(p' —k)d(p—Fk)p’

Ii=p'd(p)d(p")p

Lo=p'd(p)d(p—k)k = pd(p")d(p'~k)k

In=p'd(p)d(p'—k)k =pd(p")d(p—k)k

Ta=kd(p—R)d(p)d(p")k =kd(p'—R)d(p")d(p)k
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Ta=lkd(p—)d(p)d(p")p
Lu=kd(p'—E)A(p)d(p" )k
Iis=kd(p—E)d(p'—k)d(p")p
Fe=p'd(p—R)d(p'—k)d(p')p
Ta=tkd(p—k)d(p'—k)d(p)p’
Lis=Ted(p)d(p—k)d(p'—k)d(p")
L= p'd(p)d(p—k)d(p'~ E)(p)p
{n=kd(p ~k)d(p)d(p")d(p'~ k)
Io1=kd(p")d(p)d(p—R)d(p'— k)%
Te=kd(p")d(p)d(p—R)d(p'—E)p
Ts=pd(p")d(p)d(p—k)d(p'— k)
Loy=kd(p")d(p)d(p'~ k)d(p—k)p’

For the case of the meson self-energy with ¢ defined
as in (A.1) the following relations are useful:

pd(0p = /4y
u(p) = p?/4p?
d(p—0)¢ = o/dm?
Trd(p)d(p—1) =34 ¢?/dm?p?
Trd(p—2)d(®) =3+ o¥/4mu?
Trd(pd() =34 /A

d(p)d(p—1)t
W(p—0)d()p
pd@d(p)t
(p—nyd(d(p)e
pd()d(p)d(p—1)
W(p)d(p—nd@®)p

= (u?— pr—m?) o*/Bmp’

= (p*—m*—p?) */Bm’’

= (p>p—m?) 0%/ 8pu’
=[(p*—mH)*—p*]e?/ 16m*p*u®
=[(m?—u?)?—p*]e?/16m*p’*
== [t (p*—u) ] 0?/ 16m*p2u?

APPENDIX IiI

As remarked in Part ITL. 2A, if Zmo?= o, it is possible
that alternative solutions to the Dyson equations may
exist, with the boundary behavior

A=1/p, Te=p, D=1/,

Very crudely one may see the effect of my?=

(Z< ») in the following manner. The so-called “iree

AND
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= kd(p'— £YA(p)A(p)p’
=kd(p—k)A(p")d(p)k
=Fkd(p'—k)d(p—k)d(p)p’
= pd(p'—k)d(p—k)d(p)p’
= kd(p' k) (p—k)d(p")p

= kd(p)d(p)d(p'—B)d(p— i)l
= kd(p)d(p)d(p' — R (p—k)p'
— pd(p)d(p)d(p' —R)d(p— k)l
= kd(p)A(P)d(p— R)d(p'— k).

unrenormalized” propagator has the form

uv bupy 1

o p— o

p?__’%o‘z

One may expect that as a result of self-energy correc-
tions the first term changes to the form —g,./(p*—m?)
while the second drops off in the limit m?= o giving
for A the scalar behavior A=1/p2

To examine if the equations (I1.71) and (11.72) for
Z1(p?) and Z»(p?) can possibly admit of solutions be-
having like Zi(p?)=~1 and Zy(p?)=p? rewrite these
equations in the form,

ImZ (pH[1+ap? ImM -+ - -]

=ap | Z:|*+ReZ* M+ -] (A3)
ImZy(p)[1+ap? ImZiFap: ImM 4-- - -]
=a | Za|2 4+ (D Z1 |24+ -], (A6)
or alternatively
ImZy(p?) = U(p?)+tand ReZy™Y(p%) (A7)
where
tanf~ap® ReM/(1-+ap® ImM), (A8)
U(p? =2 (ap?/(14ap? ImM)I[ 14127 M1|*], (A9)

with a similar equation for Zy™'(p?).

Now if M(pD=1 (ie. TI'=p), the term ap? ImM
dominates over 1 in the denominator of tanf and U(p?).
Provided therefore that [§].°=0, solutions may exist
with the characteristic behavior Zi(p?) =1, Zy(p?) =~ 2,
mo?=co. In this case, however, since M(p?)~1, one
may expect that (unlike the “vector” alternative) a new
subtraction constant would be needed for the magnetic
form factor.
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In a sense the “scalar alternative” would exist if in
the original Egs. (AS) and (A6)

Ile—ap2(iZ1|2+ReMZ1*~l— !M1{2+ M )=0

One can neglect completely ImZ; for large $? in com-
parison with the rest of the expression. Note that if
M(p»)~1, U(p?) and tand are essentially independent
of the fine structure constant 2=a.

It is a puzzle to the authors how to construct the
“scalar” solutions, to check their existence, and to check
that no extra subtraction constants are introduced in
the vertex function I' (besides possibly a subtraction for
magnetic moment) and in its relation to the wvector
alternative. It may be that a summation of all contribu-
tions in the “vector” alternative produces cancellations
which reduce A(p?) =1 to =1/$% Such cancellations are
not impossible to conceive of for the meson propagator
on account of the indefinite nature of G, and G5 but for
the photon propagator they seem unlikely to occur ex-
cept the special and exceptional case of the total inag-
netic moment K =1 for the charged meson, a case where
(as shown in the text) the high-energy behavior of the
photon propagator has a very different character than
for any other K. Note that for both the “vector” and
“scalar” alternatives AVAY2~1/p.

If the scalar alternative indeed exists, we have the
interesting demonstration that the (renormalized) uni-
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tarity equations (which essentially state relations be-
tween Re and Im parts) need supplementation by a
specification of the number and character of subtraction
constants to distinguish between possible alternative
solutions. The number and nature of allowed subtrac-
tions in turn determines if the solution investigated
exists for all values of the constants of the theory or
only for special values.

It has repeatedly been emphasized in the text that our
stable solution to vector (and scalar) electrodynamics is
not a solution where convergence has been obtained by
summing certain subsets of graphs. Even though the
final two-particle unitarity expressions for A resemble
second-order perturbation expressions, the convergence
of the theory comes not from A but from T'4[A,D] which
displays scant resemblance to its perturbation counter-
part. Further, in principle, we have a procedure which
builds up the full theoryv—i.e., we can include every
Dyson-Schwinger graph and without redundance at any
stage. We do not claim that the precise form of T'4
chosen in the paper gives the best approximation from
the point of view getting closest to physical answers,
nor that after three-, four-, and higher particle contribu-
tions have been summed up, the behavior of A, T, etc,,
may not change. All we claim is that each unitarity
contribution individually behaves in the manner indi-
cated in the text and that the stability criterion con-
tinues to be satisfied at each stage of computation.



